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Preface

Lasers are widely used in most of the industrial processing, engineering, metrology, scientific
research, communications, holography, medicine, and for defense purposes. Due to the
importance of the subject, most of the western universities are offering courses in this discipline.
In our country also, the importance of the subject has been felt, and some universities and
establishments are offering courses and doctoral research programs. Allama Igbal Open
University (AIOU), although new in the field of natural sciences has also included courses of
Lasers & Quantum Optics in their M.Sc. (Phys.) and M.Phill. (Phys.) programs. This book has
been written for the students of AIOU taking M.Sc. courses in physics in their 2" semester. It is
equally good for the students of M.Sc. Physics, Applied Physics, Electronics, and B.E. in
Electronics from other conventional universities.
The book contains nine units and is equivalent to half credit course of AIOU. An effort is made
to include the material according to the approved contents of AIOU for the course entitled Laser
and Optics for M.Sc. Physics. The first three units are devoted for Optics, which is very
important to understand the lasers. Four units (Unit-4 to Unit-7) cover the basic principles of
lasers, Unit-8 describes some of the laser systems, while Unit-9 gives the flavor of a few
applications of lasers. Keeping in mind the distant learning approach of the AIOU, the detailed
explanations have been given for most of the involved concepts. However, the book has been
written in a very short span of time, therefore, there may be mistakes and errors. All the
suggestions concerning the improvement of the text will be welcomed.
I highly appreciate the efforts of Muhammad Yousaf Hamza for writing the Laser Systems and
Medical Applications of Lasers. Mr. Hamza also helped me in making the problems and positive
criticism after reading the text very carefully.
In the end, I am grateful to the Pakistan Institute of Engineering and Applied Sciences (PIEAS)
for allowing me to collaborate with AIOU, and to my family for their untiring support during the
write-up. | also acknowledge my colleagues Dr. M. R. Najam and Dr. S. M. Farooqi for their
useful suggestions.

Masroor Ikram

April 20, 1999.
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Unit-1

Light

Objective

Most of the information we receive from our surroundings passes through our eyes. This
information is carried by light. Nature of light and its application was the subject of great interest
among the scientists. During the magnificent period of Islam, Muslim scientists and philosophers
contributed significantly in this field but unfortunately in most of the books their work is neither
referred nor acknowledged. It is my intentional efforts to highlight the contribution of Muslim
scientists in this field. This unit describes briefly the history of light and its nature. Furthermore
electromagnetic wave, and superposition of these waves are discussed in some detailed to make
the background for understanding the phenomena of polarization, interference, and diffraction in

the next unit.

1.1 History

In the fifth century Bc, the Greek philosophers determined the link between the eye and the
object seen. The linked could be thought to be ‘something’ which was emitted by the eye and
traveled to the object, or ‘something’, which traveled towards the eye from the object, or the co-

existence of both ‘something’ traveling in the opposite directions.

The first idea, that of emission from the eye traveling to the object, was accepted by
Pythagorean. The Atomists of the school of Democritus were in favor of the theory of an
emission from the object traveling to the eye. Empedocles was among the first to support the
idea of a combination of two fluxes. None of the theories was ever fully accepted but followers

of one or the other of the theories were there for many centuries.



After the glory of Islam, the center of learning was shifted from Europe to the Middle East.
Where in the ninth century at Baghdad very important work on visual sensation was carried out.
A famous scientist, Abu Yosuf Yaqub Ibn Is-haq (known as Alkindi in the west) worked over a
wide field and many branches of physics. In the book De Aspectibus, Alkindi dealt very
explicitly with the problems of optics. He asserted that vision had to take place by means of rays
capable of having a physical action upon the eye. Alkindi transformed and perfected the idea of a
ray. He noted that the formation of shadows produced by bodies when illuminated by lumina
which entered from a window, led without any doubt to the conclusion that the rays emanating

from luminous bodies traveled along rectilinear paths.

In the tenth century two scientists working on the physiology of the eye, were Ali 1bn Isa (known
as Jesus Hali) and Abu Bekr Muhammed Ibn Zakariya Al Razi (known as Rasis). Their work
was latter-on translated in Latin, during the middles ages their works assumed the character of
classic texts. After Alkindi, the prominent Muslim philosopher was Abu Ali Mohammed lbn Al
Hasan Ibn Al Haytham (known as Alhazan), who made the long lasting effect in all the sciences
especially in the field of medicine and optics. The translation of one of his book, Opticae
Thesaurus libri septem, per Episcopios, earned a great respect in the west and was taught for
many centuries. Alhazan accepted the theory of Alkindi about light and elaborated it with fine
details. Alhazan’s results were supported by experiments; he proved that by looking at the sun or
its reflection through a mirror produced pain in the eye. This clearly shows that if there were
something, which travels from the eye to the object, then there would be no reason to feel pain.
Similarly he proved the persistence of the image on the ratina. In his theory of light, Alhazan
attributed to this light the property of reflection when it met a mirror, and of refraction when it

traveled through transparent surfaces. He gave full reasoning of the reflection.

Much more famous than Alhazan was his contemporary Abu Ali Hosain Ibn Abudallah Ibn Sina
(known as Avicenna). He became one of the best known of the mediaeval philosophers and his
influence spread also to the west. He studied with great care and in detail the problem of the
functioning of the sense of vision. He explicitly said that in the process of vision there was a very
important intervention of the mind of the observer that played a very important part in the total
process. Avicenna was against the idea of Alkindi and Alhazan that the rays capable of acting on
the eye were of a material nature. He reintroduced the theory of emission of simulacra from

bodies, but strips these simulacra of all material form. These ideas were well received in the west
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and received much more support than the ideas of the materialists, i.e., the ideas of Alkindi and
Alhazan.

Before the death of an all time great Muslim philosopher, Avicenna, another influential Muslim
scholar was born in Spain, his name was Abul Walid Mohammed Ibn Ahmad Ibn Muhammad
Ibn Rushd (known as Averroes). Regarding the theory of light, Averroes openly challenged the
Avicenna’s ideas concerning the mechanism of vision but he kept the argument purely in the
philosophical field. His fundamental philosophical ideas were felt so deeply in the official
quarters that his writing were burnt by royal decree.

From the sixteenth century the center of learning were shifted to Europe. Newton and Huygens
were among the early prominent workers in this field. Newton’s corpuscular theory got
dominance for a century and was replaced by wave theory proposed by Huygens and supported
by Fresnel and others. Latter Maxwell polished it. The twentieth century again modified the

earlier theories of light.

1.2 Nature of Light

Light is an elephant.

An old story tells of three blind men who were asked to describe an elephant. One blind man
touched the elephant’s tail and said the elephant was long and thin like a rope. The second blind
man touched the elephant’s leg and described the elephant as round and hard like a tree trunk.
The third man felt an ear and said that the elephant was thin and flat, like a huge leaf. Each

man’s description was correct, but didn’t give the complete picture.

Scientists who study the nature of light are like the blind men in the story. They try to describe
light, but their descriptions depend very much on which aspects of light they study. Each
description of light is merely an approximation to the reality that is light. During the last four
centuries, light is sometimes considered as particle and sometimes as wave, now scientists
agreed on its dual nature. In the following discussion a brief chronological evaluation of the

theories of light is described.

Corpuscular theory of Newton (1643-1727) described that light rays consisted of streams of tiny
particles, which are emitted by the light sources and propagate through space in straight lines.
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The theory satisfied the phenomena of reflection and refraction and received a general
acceptance in the seventeenth century. But it failed to explain the phenomena like diffraction and

interference.

Wave theory of Huygens (1629-1695) described the light as waves like water or sound waves.
The theory not only satisfied the diffraction, interference and polarization but also explained the
reflection and refraction of light. According to the known principles of wave propagation at that

time, the theory assumed some medium (ether) in space to propagate light waves from the sun.

In the nineteenth century, Maxwell (1831-1879) combined the laws of electricity and magnetism
and proposed the electromagnetic nature of light, which do not require a medium to travel. The
theory satisfied all the problems faced till the end of nineteenth century and received such a
universal acceptance that scientists believed that problem regarding the nature of light had been
solved and the corpuscular theory was comprehensively rejected.

In the beginning of the twentieth century, experimental phenomenon of photoelectric effect and
the blackbody radiation introduced the quantum theory of light and gave rebirth to the particle
nature. According to this theory, light is an electromagnetic radiation and consists of photons of
energy E, thus light exhibits in both ways. On one hand, wave theory explains the interference
and diffraction phenomena, while on the other hand, photoelectric effect, Compton effect etc.,

are best explained by considering the light as photons having energy and momentum.

In the dual nature, light consists of photons (of energy E) and each photon has a wavelength
hc ) . . o .
A= £’ where h is Plank’s constant and ¢ is velocity of light in vacuum. Furthermore, this wave

nature satisfies the Maxwell’s equations, thus is an electromagnetic wave. Since some important
phenomena e.g. diffraction, interference and polarization require the wave nature and are
frequently used in optics and lasers, therefore, we will discuss the electromagnetic wave and the

superposition of two or more waves in the following discussions.

1.3 Electromagnetic waves

In studying electricity and magnetism, one knows the fact that a time-varying electric field
generates a magnetic field that is everywhere perpendicular to the direction in which E changes.
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In the same way, a time-varying B-field generates an E-field that is every where perpendicular to
the direction in which B changes. This behavior shows the transverse nature of the E- and B-

fields in an electromagnetic disturbance.

Consider a charge that is forced to accelerate from rest. When the charge is motionless, it has
associated with it a radial E-field extending to all direction to infinity. At the instant the charge
begins to move, the E-field is altered in the vicinity of the charge. This alteration propagates out
into space at some finite speed. The time-varying electric field induces a magnetic field (B-field),
which is also time dependent. The time varying B-field generates an E-field, and the process
continues, with E and B coupled in the form of a pulse. As one field changes, it generates a new

field that extend a bit further, and the pulse moves out from one point to the next through space.

The E- and B- fields can more appropriately be considered as two aspects of a single physical
phenomenon, the electromagnetic field, whose source is a moving charge. The disturbance, once
it has been generated in the electromagnetic field, is an independent wave beyond its source.
Bound together as a single entity, the time varying electric and magnetic fields regenerate each

other in an endless cycle.

Maxwell showed that both the electric and magnetic fields satisfy the same partial differential
equations (see Appendix. 1A).

ol =
VE=¢gly 5
Ho- o2 (1.1a)
and
2
VB = e, (L1b)

where g, and p, are the relative permittivity and permeability of free space, respectively. This is

called the wave equation and the speed of propagation of these waves in free space is given by

c= b . (1.2)
8OM‘O
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The implication of equation (1.1a & 1.1b) is that changes in the fields propagate through space
with a speed c, the speed of light. The frequency of oscillation of the fields, v, and their

wavelength in vacuum, A, are related by

C = Vo (1.3

In any other medium the speed of propagation is given by
v=c/n=vA (1.4)

where n is the refractive index of the medium and A is the wavelength in the medium. Here n is

given by

n=eu (1.5

where g, and ., are the relative permittivity and permeability of the medium, respectively.

Example 1.1: The thickness of a human hair is about 40 xm. Compare its dimension to

the wavelength of green light.

Solution: The wavelength of green light is around 500 nm, therefore, the thickness a
human hair is about 80 times the wavelength of the green light.

Example 1.2:Calculate the speed of light from the values of x4 and &,. Also find the speed
of light in water and in glass.

Solution: Values of the constants are:

1o =47zx107Js*C?m™ and & = 8.854188 x 10 J'C* m™

Therefore, ¢ = /L =2.9979 ms™.
80“0

The refractive index of water, n,, = 1.333
Therefore, velocity of light in water is c/n, is 2.249 m/sec.
The refractive index of ordinary glass, ng = 1.5

Thus velocity of light in glass is 1.9986 m/sec.
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The electric and magnetic field vibrate perpendicularly to one another and perpendicular to the
direction of propagation as illustrated in Figure 1.1; that is, light waves are transverse waves. In
describing optical phenomena it is common to omit the magnetic field vector. This simplifies
diagrams and mathematical descriptions but we should always remember that there is a magnetic

field component, which also behave in a similar way to the electric field component.

The simplest waves are sinusoidal waves, which can be expressed mathematically by the

K
Electric field vector, oo®
«
E _ (\0’\9
i @\(60\\0

Magnetic field vector,
H

Figure 1.1 An electromagnetic wave; the electric field vectdg)(and the magnetic
field vector {) vibrate in orthogonal planes and perpendicularly to the direction ¢
propagation.

equation:
E(x,t) = Eo. cos(ot — kx + ¢) (1.6)

where E(x,t) is the value of the electric field at the point x at time t, E, the amplitude of the wave,
o the angular frequency (o = 2nv), k the wavenumber (k = 27/A) and ¢ is the phase constant.
The term (ot — kx + ¢) is the phase of the wave. Equation (1.6), which describes a plane and
monochromatic wave propagating in the positive x-direction, is a solution of the wave equation
(1.1a).

We can represent equation (1.1a) diagrammatically by plotting E as a function of either x or t as
shown in Figure 1.2, where we have taken E = E, at x and t equal to zero so that ¢ = 0. Figure
(1.2a) shows the variation of the electric field with distance at a given instant of time. If we take

time t equal to zero, then the spatial variation of the electric field is given by
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E = Eo.cos(kx) (1.7a)

(b)

Figure 1.2 The electric field) of an electromagnetic wave plotted as
function of (a) the spatial coordinate x and (b) the time t.

Similarly Figure (1.2b) shows the variation of electric field as a function of time at some specific
location in space. If we take x equal to zero then the temporal variation of electric field is given

by

E = E,.cos(mt) (1.7b)
Equation (1.6) can be written in a variety of equivalent forms using relationship between v, o, A,
k and c. The time for one cycle is period T (T = 1/v) as shown in Figure (1.2b). If the value of E

at x=0 and t=0 is not E, then we must include arbitrary phase constant ¢. Equation (1.6) can also

be expressed using sine rather than a cosine function or alternatively using complex exponential.
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Equation (1.6) represent plane waves moving along the x-axis; we can generalize our
mathematical description to include plane waves moving in arbitrary directions. Such a wave can
be characterized by a wavevector k where |k| = 27/A and equation (1.6) becomes

E(X,y,z,t) = Eo.cos(ot - K.r + ¢) (1.8)

where r is a vector from the origin to the point (x,y,z). Thus, for example, if we have a plane
wave propagating in a direction 6 to the x-axis with its wavefronts normal to the (x,y) plane as

shown in Figure 1.3, we can write

Kk =ik + jKy (1.9)
and

r=ix+jy (1.10)

where i and j are unit vectors in the x and y directions, respectively. Combining equations (1.9)
and (1.10) we have

k.r=xKky+yky=xkcoso +yksinb. (1.11)
A
\ \ y \ \
\ \ \ \ \
\ \ \ \ \
\ \ \ \ \
\ \ \ \ \
\ \ \ \ \
\ \ \ \ \
Plane \\ \\ \\ \\ \\
wavefronts \ Voko \
\ y \ \ \
\ \ \ \
\ \ v \ \
¥ Ay \ ¥ >
\ \ VK, \ \ %
\ \ \ \ \
\ \ \ \ \
\ \ \ \ \
\ \ \ \ \
\ \ \ \ \
\ \ \ \ \
\ \ \ \ \
\ \ \ \ \
\ \ \ \ \
\ \ \ \ \
\ \ \ \ \
\ \ \ \

Figure 1.3 Plane wave with its propagation vectde in the (Xx,y) plane. The
components of the propagation vector are k= k.co$ and K/ = Kk.sin .
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Hence we can rewrite equation (1.8) as
E(X,y,t) = Eo.cos(mt — X k cosO - y k sind + ¢) (1.12)

An equally important concept is that of spherical waves which we can imagine, are generated by
a point source of light. If such a source is located in an isotropic medium it will radiate uniformly
in all directions; the wavefronts are thus a series of concentric spherical shells. We can describe

this situation by
E- %cos(mt —k.D) (1.13)

where the constant 7 is known as source strength. The factor 1/r in the amplitude term accounts

for the decrease in amplitude of the wave as it propagates further and further from the source. As
the irradiance is proportional to the square of the amplitude, there is an inverse square law
decrease in irradiance. If the medium in which the source is located is an isotropic then the wave
surfaces are no longer spheres; their shapes depend on the speed of propagation in different

directions.

1.4 The Superposition of Waves

When two sets of waves are made to cross each other, e.g., the waves created by dropping two
stones simultaneously in a quite pool, interesting and complicated effects are observed. In the
region of crossing there are places where the disturbance is practically zero and others where it is
greater than that given by either wave alone. A very simple law can be used to explain these
effects, which states that the resultant displacement of any point is merely the sum of the
displacements due to each wave separately. This is known as principle of superposition and was
first clearly stated by Young in 1802. The truth of this principle is at once evident when we
observe that after the waves have passed out of the region of crossing, they appear to have been
entirely uninfluenced by the other set of waves. Amplitude, frequency, and all other
characteristics are just as if they had crossed an undisturbed space. This could hold only provided
the principle of superposition was true. Two different observers can see different objects through
the same aperture with perfect clearness, whereas the light reaching the two observers crossed in

going through the aperture. The principle is therefore applicable with great precision to light, and
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we can use it in investigating the disturbance in regions where two or more light waves are

superimposed.

1.4.1 Addition of waves of the same frequency

1.4.1.1 The Algebraic Method

Consider the effect of superimposing two sine waves of the same frequency, the problem resolve
itself into finding the resultant motion when a particle executes two simple harmonic motions of
the same time. The displacements due to the two waves are taken to be along the same line,
which we shall call the x-direction. The solution of the differential wave equation given by

equation (1.1a) will have the form
E(x,t) = Eo. sinfot — (kx + ¢)], (1.14)

where E, is the amplitude of the harmonic disturbance propagating along the positive x-direction.
Let

o (X, ) =— (kx + ¢) (1.15)
so that

E(x,t) = E,. sin [ot + o (X, 0)], (1.16a)
Suppose that we have two such waves of amplitudes E,; and E,,, then we have

Ei(x,t) = Eoa.8in [ot + o], (1.16b)
and

Ea(X,t) = Egz.8in [ot + o], (1.16¢)

The two waves have same frequency, amplitudes and they are overlapping in space. The

resultant disturbance is the linear superposition of these waves. Therefore,

E = E; +E; (1.17)
or on expanding equations (16b) and (16c¢),

E = Eo1.(Sinot cosay + cosmt sinaty) + Eg.(Sinmt cosa, + cosmt sinay). (1.18)
By separating the time dependant terms, this equation becomes
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E = (Eo1 cOSayy + Egz COSarp) Sinmt + (Eoz Sinay + Egy Sinap) cosot. (12.19)
Since the terms in the brackets are independent of time, so let

E, cosa = Eq1 cOSau + Eg2 COSaL2 (1.20)
and

Eo sina = Eo; Sina + Eqz Sina. (1.21)

This is not the obvious solution, but will be legitimate as long as we can solve for E, and o.. By

squaring and adding of equation (1.20) and (1.21) we get
E2Z=E’ +E2, +2E_,E_, cos(a, —a,) (1.22)
and dividing equation (1.21) by (1.20) we get

E.sino, +E ,sina,

tana = .
E,cosa, +E_,cosa,

(1.23)

If these two expressions are satisfied for E, and o, then equations (1.20) and (1.21) are valid. The

total disturbance then becomes

E = E, cosa sinot + E, sino. cosmt (1.24a)
or

E = E, sin(ot + a). (1.24b)

Thus a single disturbance results from the superposition of the sinusoidal waves E; and E,. The
composite wave (equation 1.24) is harmonic and of the same frequency as the constituents,
although its amplitudes and phase are different. The flux density of a light wave is proportional
to the square of its amplitude. From equation (1.22) the resultant flux density is not simply the
sum of the component flux densities, there is an additional contribution 2EqEq, cos(a, — o),
known as interference term. The important factor is the difference in phase between the two
interfering waves E; and E,, i.e., 6 = (o — oz). When d = 0, +2xn, *+4n, ... the resultant
amplitude is maximum, whereas 6 = +n, £3m, ... yields a minimum. In the former case, the
waves are said to be in phase, i.e., crust overlaps crust. In the latter case, the waves are 180° out

of phase and trough overlaps crust, as shown in Figure 1.4. The phase difference may arise from
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a difference in path length traversed by the two waves, as well as a difference in the initial phase

angle, that is,

8= (kxa + d1) — (KX2 + ) (1.25a)
or

8 = 21/A. (X1 — X2) + (01— o). (1.25b)

E=E+E,

>

/\ Al /\ YNE
VIVIVIVIS \/;,,,\/ X

Figure 1.4 The superposition of two harmonic waves in and out of pha

Here x; and X, are the distances from the sources of the two waves to the point of observation,

and A is the wavelength in the medium. If the waves are initially in phase, then ¢; = ¢,, and
o= 27‘[/7\,.(X1 - Xz). (126)

This would also apply to the case in which two disturbances from the same source traveled

different paths before arriving at the point of observation. Since n = c/v =A,/A,
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o= i—nn.(Xl—Xz) (127)

0

The quantity n(X; — x») is called optical path difference and is represented by the abbreviation
OPD or by the symbol A. It is the difference of the two optical path lengths. Thus equation (1.27)

can be written as
3 =ko.A, (1.28)
where K, is the wave number in vacuum and is equal to 27/A,.

Waves for which (¢; — ¢») is constant, regardless of its value, are said to be coherent. In the

subsequent discussion we will assume that waves are coherent.

1412 Sum of ‘N’
Harmonic Waves
When we have ‘N’ number of coherent harmonic waves having a given frequency and travelling
in the same direction then their superposition will lead to a harmonic wave of the same

frequency. So far we have chosen to represent the two waves above in terms of sin function, but

the same result will be obtained if we used cosine function. In general the sum of N such waves

N
E=)E,.cos(x; +ot), (1.29)
i=1
is given by
E = E, cos(a + ot), (1.30)
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where

E? :ZN:Eﬁi +2.ZN:ZN:E0iEOj.COS(oci —a;) (1.31)
i=1

o=l

and
tangg ="t — (1.32)

Consider N number of atomic emitters comprising an ordinary light source (e.g. a bulb, candle
flame, or discharge lamp). Each atom is effectively an independent source of photon wave trains
that varies in its phase rapidly and randomly. In any event, the phase of the light from one atom,
ai(t), will remain constant with respect to the phase from another atom o;(t) for a very short time
(i.e. atomic transition time, which is typically up to 10 nano-seconds) before it changes

randomly. Thus atoms are coherent for up to about 10 ns. The flux density is proportional to the

time average of EZ, generally taken over a comparatively long interval of time, therefore, the

second summation in equation (1.31) will contribute terms proportional to <cos[ai(t) — o;(t)]>,
each of which will average out to zero because of the random nature of the phase change. Only
the first summation remains in the time average, and its terms are constants. If the atoms are each

emitting wave-trains of the same amplitude Eo;, then
EZ=NE2. (1.33)

The resultant flux density arising from N sources having random, rapidly varying phases is given
by N times the flux density of any one source. In other words it is determined by the sum of
individual flux densities. A flashlight bulb whose atoms are all emitting randomly, the
superposition of these essentially “incoherent” wave-trains is also rapidly and randomly varying
in phase. Therefore two or more bulbs will emit light that is essentially incoherent (for duration
longer than atomic transition time ~ 10ns) give light whose combined irradiance will simply
equal the sum of the irradiance contributed by each bulb. This is also true for candle flames,
flashtubes, and all thermal (not laser) sources. We can not expect to see interference when the

lightwaves from two reading lamps overlap.
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At the other extreme, if the sources are coherent and in phase at the point of observation (i.e., o

= 04 ), equation (1.31) will become

N N N
E2=)E%Z+2> > E,E, (1.34a)
i=1

o=l

or, equivalently,

N 2
E2= (2 Eoij : (1.34b)
i=1
Again suppose that amplitude of each wave is E;, we get
E2= QE, > =N%E.. (1.35)

In this case of in-phase coherent sources, we have situation in which the amplitudes are added
first and then squared to determine the resulting flux density. The superposition of coherent
waves generally has the effect of changing the spatial distribution of the energy but the total
amount remains constant. If there are regions where the flux density is greater than the sum of

the individual flux densities, then there will be regions where it is less than that sum.

1.4.1.3 The Complex Method

It is sometimes convenient to make use of the complex representation of the trigonometric

functions when dealing with the superposition of harmonic disturbances. The wave

E1 = Eo1 cOS(KX + ot + ¢) (1.36a)
or

E; = Eo1 cos(ot; + oot) (1.36b)
can be written (for real part only) as

_ (o, +ot)
Ei=Eae™ (1.37)

Suppose that there are N such overlapping waves having the same frequency and travelling in the

positive x-direction. The resultant wave is given by
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N _ .
E= LZ_; Eqe ]}e t (1.38)

The quantity

N .
Eoeia — Z onelaj
=1 (1.39)

is called the complex amplitude of the composite wave and is simply the sum of the complex

amplitudes of the constituents. Thus the resultant wave is

_ i(a+ot)
E=Eem (1.40)

Since
2 _ i i
E2=€.e" .€.e" (1.41)

we can compute the resultant irradiance from equation (1.39) and (1.41). For a simple case
taking N = 2, we have

2 _ ia o, —io —fo,
Eo =€ 6" +E 7 €6 " +E e,

0 (1423)
thus
2 _ 2 2 i(o-05) | poi(o-0p)
Eo - Eol + EoZ + E01E02 6 +€ z (142b)
or
EZ=E% +EZ, +2E,E,,cos(o, —a,) . (1.42¢)

This is an equation identical to equation (1.22), therefore, the two methods give the same

conclusion.

1.4.2 The Addition of Waves of Different Frequencies

In the previous discussion we have been restricted to the superposition of waves of same
frequency. In fact strictly monochromatic source does not exist. It will be more realistic to talk of
quasi-monochromatic light, which is composed of a narrow range of frequencies. The study of

such light led us to the important concepts of linewidth and coherence time.
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1.4.2.1 Beats

Consider the disturbances arising from a combination of waves of different frequencies ®; and

o With zero initial phase angle and have equal amplitudes. We have

E1 = Eo1 cos(kiX — o1t) (1.43a)
and

E2 = Eo1 coS(KoX — m;t) (1.43b)
The net wave

E = Eo1[cos(kiX — m1t) + cos(kaX — mat)] (1.44)
Using the trigonometric identity

COSA +cosB = 2.cos ; (A+B).cos : (A-B) (1.45)
We can rearrange the equation (1.44) as

E = 2.Esi[cos 5 [(K1 + k2).X — (01+m2)t] X [cos 5 [(Ki — k2)X — (@1—m2)t] (1.46)
Now define the quantities w, and ki, which are the average values of the angular frequency and

wavenumber, respectively. Similarly the quantities o, and kn designate the modulation

frequency and modulation wavenumber, respectively. Mathematically,

0a = 1 (01+02), Ka= 1 (ki + ko) (1.47a)
and

Om = 1 (01-0) km =% (k1 — k2) (1.47b)
thus

E = 2.Eo1 €0S(KmX — ®mt).cos(KaX — mat) (1.48)

The total disturbance may be regarded as a travelling wave of frequency w, having a modulated

amplitude Eq(x,t) such that
E(X,t) = Eo(X,t) cos(kaX — mat) (1.49)
where
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In general ®; and w; are very large. If they are comparable to each other, i.e., ®1 ~ ®,, then o,
>> oy and Eq(x,t) will change slowly, whereas E(x,t) will vary quite rapidly (Figure 1.5). The

irradiance is proportional to
E2(x,t)=4.E2 cos’ (kK X —ot) (1.51a)
or

E2(x,t)=2E2 (1+cosRk, X—2w,t). (1.51b)

It is important that E2 (x,t) oscillates about a value of 2.EZ (x,t) with an angular frequency of
2o, or simply (m1—o2), which is known as the beat frequency. In other words, E, varies at the

modulation frequency, whereas EZ(x,t) varies at twice of this value.

Beats were first observed by the use of light in 1955. The advent of laser made the observation of
beats using light very easy. Even a beat frequency of a few Hz out of 10'* Hz can be seen as a
variation in phototube current. The observation of beats now represents a particularly sensitive
and fairly simple means of detecting small frequency differences. For example, a modern version
of Michelson interferometer that beats two light beams can gives the information of the
frequency or linewidth of the source. The ring laser functioning as a gyroscope utilizes beats to
measure frequency differences induced as a result of the rotation of the system. The Doppler
effect, which accounts for the frequency shift when light is reflected off a moving surface,
provides another series of applications of beats. By scattering light off a target and then beating

the original and reflected waves, we get a precise measure of the target speed.
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Figure 1.5 The superposition of two harmonic waves of different frequency.

Problems
1.1 Write expressions for the E- and B- fields that constitute a plane harmonic wave traveling in

the + z-direction and having zero amplitudes fort =z = ¢ =0.
1.2 If we write the wave function in complex notation
E = Eqe"
show that E is unchanged when its phase increases or decreases by 2.
1.3 Determine the resultant of the superposition of the waves
E(x,t) = Eo1.5in [ot + ¢1],
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and
E(X,t) = Eg.sin [ot + 2],
when o = 1207, Eq; = 12, Ez = 16, ¢1 = 0, and ¢, = =/2. Plot each function and result.
1.4 Show that when the two waves are represented as
E(x,t) = Eo1.cOs [ot + o],
and
E(X,t) = Eg2.c0S [t + o],

are in phase, the resulting amplitude squared is a maximum equal to (Eo; + Eo2)?, and when they

are out of phase it is a minimum equal to (Eo; — Eqp)°.
1.5 Show that the resultant of the two waves

E1 = Egi.5in [ot — k(X + AX)],
and

E, = Eoz.Sin [O)t - kX],

E= 2.Eol.co{k'%“j.sin{wt - k(x + %ﬂ

1.6 Determine the optical path difference for the two waves (of He-Ne laser, i.e., A = 632.8 nm)
when one traveled one centimeter through vacuum and the other passed through water, (n =

1.333) for the same distance.

1.7 Use the complex representation to find the resultant E = E; + E;, where
E1 = Eo cos(kx + ot)

and
E, = Eo.cos(kx - ot).

Describe the composite wave.
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1.8 Determine the resultant when the two functions E; = 2.E,.cos ot and E, = Y.E,.sin2mt are

superimposed. Draw E;, E, and the resultant E.

Books for further reading
V. Ronchi, The Nature of Light: An Historical Survey, (Heinemann, London, 1970)

R. Ditteon, Modern Geometrical Optics (John-Wiley & Sons, NY, 1998).

F. A. Jenkins and H. E. White, Fundamentals of Optics, 4™ ed. (McGraw-Hill, New York, 1985).
E. Hecht, Optics, 2™ ed. (Addison-Wesley, Reading, Mass., 1990).

R. Guenther, Modern Optics, (John Wiley & Sons, New York, 1990).

M. Born and E. Wolf, Principles of Optics, 6" ed. (Pergamon, Oxford, 1986).
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Appendix 1A

Maxwell’s Equations

In mid-nineteen century, Maxwell showed that light was a form of electromagnetic radiation. He
combined the laws of electricity and magnetism to show that electromagnetic wave existed. A
simplified version of Maxwell’s equations is given below. More rigorous derivation can be found

in Optics by E. Hecht.

The Gauss’s law for electricity can be written in the form

_4a
{EdA_g, (1A.1)

where q is the charge enclosed by the surface and € is a property of the medium called
permittivity. Equation (1A.1) leads to Coulomb’s law and allows calculating electric field

strength for simple charge distributions.
There is also a Gauss’s law for magnetism:
B-dA=0. (1A.2)
The fact that the right-hand side of equation (1A.2) is observed to be zero implies that there are
no magnetic mono-poles (i.e., single, isolated magnetic sources).

Faraday’s law

__Uog
dE-ds= el (1A.3)

shows that electric field can be created by changing magnetic field. In this equation, ¢g is the

magnetic flux through the area defined by the integral.

Finally, the Ampere-Maxwell law is given by

dB-ds=—pe dth +ul, (1A.4)
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where m is the magnetic permeability of the medium. This equation means that magnetic fields

are created by currents or changing electric fields.

When discussing the propagation of light, we can simplify these equations because the material
through which the light propagates is normally not a conductor. Therefore, there are no free

charges (q = 0) or currents (I = 0) to contend with.

The equations given above are in the familiar integral form. For our purposes, the differential
form is preferable. These equations can be converted from one form to another via Gauss’s
divergence theorem and Stokes’s theorem from vector calculus. The above four equations are

equivalent to the following four equations with g =0 and | = 0.

V.E=0, (1A5)

V.B=0, (1A6)

vxE=-28, (1A.7)
ot

VxB =p8%5. (1A.8)

These expressions can yields a wave equation. To derive expression for waveform, take curl of
equation (1A.8)

V x VxB::pe%VxE:, (1A.9)

since space and time are completely independent, therefore, their derivative can be interchanged.

Equation (1A.7) can be substituted in equation (1A.9) to obtained the second derivative

V x € x B:: ue%(—%)
(1A.10)
0°B
S—p —
The vector triple product can be simplified by making use of the operator identity
Vx§xB =V -B -V’B. (1A.11)

Since the divergence of B is zero, thus equation (1A.10) becomes
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0°B

5

V’B=pe

(1A.12)

A similar equation is satisfied by the electric field intensity. Following essentially the same
procedure as above, take the curl of equation (1A.7),

~

Vx ¢ xE I—%VXB:. (1A.13)

—

Eliminating B from this expression by substituting equation (1A.8)

2
V x (7xE:=—p£Zt—2E, (1A.14)

using the identity of equation (1A.11) we get

0’E

atZ

V?E =pe

(1A.15)

The equations (1A.12 & 1A.15) are called differential wave equations. In free space the medium

constant p and € are replaced by p, and €, and these equations simply becomes

2
VB =p,¢, aat—? (1A.16)
and
, 0°E
\Y E=}L0806t—2. (1A17)
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Unit-2

Wave Optics

Objective

Light has a dual nature and there are some phenomena which can only be explained if the
light is considered to have a wave nature, e.g. polarization, interference and diffraction.
These phenomena of optics are generally grouped in the form of wave optics. In lasers wave
optics has fundamental importance, therefore, this unit describes the basic principles and

physical understanding of these fundamental aspect.

2.1 Polarization

In the previous unit we have learned that light is a transverse electromagnetic wave. The
electric field vector, E, oscillates in magnitude as well as in direction but always remains
perpendicular to the propagation direction. In any real beam, light comprises many individual
waves and in general the planes of vibrations of their electric field will be randomly
orientated. Such a beam of light is unpolarized and the resultant electric field vector changes
orientation randomly in time. It is possible, however, to have light beams characterized by
highly orientated electric fields and such light is referred to as being polarized. The simplest
form of polarization is linearly polarized light in which electric field vector oscillates only
along a straight line.

2.1.1 Linear Polarization

Let us consider two harmonics, linearly polarized light waves of the same frequency, and

moving in the same direction. If the electric field vectors are collinear, the superimposing
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disturbances will simply combine to form a resultant linearly polarized wave. We can

represent the two orthogonal optical disturbances in the form

Ex(z,t) =i Eox cos(kz — ot) (2.1)
and
Ey(z,t) = j Eoy cos(kz — ot + ¢) (2.2)

where ¢ is the relative phase difference between the waves, both of which are travelling in
the z-direction. Since the phase is in the form (kz — ot), the addition of a positive ¢ means
that the cosine function in equation (2.2) will not attain the same value as the cosine in
Equation (2.1) until a latter time (¢/w). Accordingly, Ey lags Ex by ¢>0. If ¢ is a negative
quantity, Ey leads Ex by ¢$<0. The resultant optical disturbance is the vector sum of these two

perpendicular waves:
E(z,t) = Ex(z,t) + Ey(z,}). (2.3)

If ¢ is zero or an integral multiple of + 27, the waves are said to be in phase. In that particular

case Equation (2.3) becomes
E(z,t) = (i Eox + j Eoy ).cos(kz — t) (2.4)

The resultant wave therefore has a fixed amplitude equal to (i Eex + j Eoy ); in other words the
resultant wave is also linearly polarized as shown in Figure 2.1. The waves advance toward a
plane of observation where the fields are to be measured. There one sees a single resultant E
oscillating, along a tilted line, co-sinusoidally in time. The E-field progresses through one
complete oscillatory cycle as the wave advances along the z-axis through one wavelength.
This process of addition can be carried out equally well in reverse; that is we can resolve any
plane-polarized wave into two orthogonal components. If ¢ is an odd integer multiple of +m,

the two waves are said to be 180° out of phase, and

E(z,t) = (i Eox —J Eoy ) cos(kz — ot) (2.5)

2.2
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Figure 2.1 Linear Light

The wave is again linearly polarized, but the plane of vibration has been rotated from that of

the previous condition, as indicated in Figure 2.2.

Figure 2.2 Linear Light

2.3
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2.1.2 Circular Polarization

An interesting situation arises when the amplitudes of the two superimposing beam are equal
(i.e., Eox = Eoy = Eo), and in addition, their relative phase difference ¢ = —n/2 +2mmn, where
m is an integer. In other words, ¢ = —n/2 or any value increased or decreased by from —n/2 by

a whole number multiples of 2z. Accordingly

Ex(z,t) =i E, cos(kz — wt) (2.6a)
and

Ey(z,t) = j Eo sin(kz — t). (2.6b)
The consequent wave is given by

E(z,t) = E, [i cos(kz — wt) + j sin(kz — ot)] (2.7)

and is shown in Figure 2.3. In equation (2.7) the scalar amplitude of E, that is, (E.E)Y? = E,,
is constant. The direction of E is time varying and it is not restricted to a single plane. Figure
2.4 shows what is happening at some arbitrary point z, on the axis. Att =0, E lies along the
reference axis in Figure 2.4, and so

Ex(z,t) =i E, cos(kz,) (2.8a)

Figure 2.3 Right-circularly polarized light.
and

Ey(z.t) = j Eo sin(kzo). (2.8b)
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The rotation rate is ¢ and kz=0/4.

At a latter time, t = kz,/o, Ex =1 Eo, Ey =0, and E is along the x-axis. The resultant electric

y
A
E
E, ,
| Reie(e“ce
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v

Figure 2.4 Rotation of electric vector in a right-circular wave.

field vector E is rotating clockwise at an angular frequency of o, as seen by an observer
toward whom the wave is moving (i.e., looking back at the source). Such a wave is said to be
right-circularly polarized, and one generally simply refers to it as right-circular light. The E-
vector makes one complete rotation as the wave advances through one wavelength. In
comparison, if ¢ = w/2, 5n/2, 9n/2, and so on (i.e., ¢ = /2 +2mmn, for m to be an integer),
then

E@z,t) = E, [i cos(kz — ot) — j sin(kz — ot)]. (2.9)

The amplitude is unaffected, but E in this case rotates counter-clockwise, and the wave is

referred to as left-circularly polarized.

A linearly polarized wave can be raised from two oppositely polarized circular waves of
equal amplitude. In particular, if we add the right-circular wave of equation (2.7) and to the

left-circular wave of equation (2.9), we get
E(z,t) = 2 E, i cos(kz — ot), (2.10)

which has a constant amplitude vector of 2E,i and is therefore linearly polarized.
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2.1.3 Elliptical Polarization

As for as the mathematical description is concerned, both linear and circular polarization
light may be considered to be special cases of elliptically polarized light. This means that, in
general, the resultant electric field vector E will rotate and change its magnitude as well. In
such cases the endpoint of E will trace out an ellipse, in a fixed space perpendicular to k. We
can see this better by actually writing an expression for the curve traced by the tip of E. We

can recall he equations (2.1) and (2.2) as

Ex = Eox C0S(kz — ot) (2.11)
and

Ey = Eoy COS(kz — ot + ¢). (2.12)

The above equations can be rearranged to get rid of the (kz — wt) dependence. Expand the

expression for Ey into
Ey/Eoy = cos(kz — ot).cos ¢ — sin(kz — wt).sin ¢ (2.13)
and combine it with E,/Eqx to have

E _E

= EX cos¢d =—sin(kz — ot).sin ¢. (2.14)

oy ox

From equation (2.11) we have
sin (kz — ot) = [1- (ExX/Ex)1"?, (2.15)

therefore equation (2.14) becomes

E, E 2_ i £ 2 »
(E_W_EOX cosq)j {1 [on] ].sm . (2.16)

On rearranging terms, we have

Ey i E, ? E, Ey o,
(E_oyj {onj _Z(on J{E—Oy}cosq)_sm 4 (2.17)
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This is an equation of an ellipse making an angle o with the (Ex, Ey) coordinate system
(Figure 2.5) such that

2E, E, .COS

tan2a =
ng - Egy

(2.18)

oy

v

N

Figure 2.5 Elliptically polarized light.

E
/( EOX
y

A,

Equation (2.17) will look like a simple equation of ellipse if the principle axes of the ellipse
were aligned with the coordinate axes, that is oo = 0 or equivalently ¢ = +mr/2, +3mn/2,

+5m/2, ..., in which case we have the familiar form

Ey 2 Ex 2_
[E_j {on] _o. (2.19)

Furthermore, if Eqy = Eox = E,, this equation can be reduced to

E; +E; =E;, (2.20)

which is the equation of a circle, and is in complete agreement with our previous result. If ¢

is an even multiple of =, equation (2.17) results in
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E,,
£, =~ E, (2.22)

0x

and similarly for odd multiples of =, we have

Both the equation (2.21) and (2.22) are equations of straight lines having slopes of + Eqy/Eqx;

E,,
E, =- " Ex. (2.22)

[0):¢

in other words we have linearly polarized light.

Figure 2.6 diagrammatically summarize most of these conclusions. This important diagram is
labeled across the bottom “Ey leads E, by: 0, n/4, n/2, 3n/4,...”
values of ¢ to be used in equation (2.2). The same set of curves will occur if “Ey leads Ex by:
27,

on.

Tm/4, 3n/2, 57/4, ...”, and that happens when ¢ equals —2n, —7n/4, —3n/2, —5n/4, and so
Figure 2.7 illustrates how E, leading E, by n/2 is equivalent to E, leading Ex by 3n/2

(where sum of these two angles equals to 2r).
E, leads EX by: 2 31/2
E, leads E, by: 0 2 1
Figure 2.6 Various polarization configurations. The light would be circular with

¢ =1/20r &/l ifE, = Eoy but here for the sake of generalityg was
taken to be larger than E,.

2.8
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Figure 2.7 Phases of the electric field vector wher) [eads E, (or E, lags E) by /2,
or alternatively, E leads E, _(or E lags E) by 3 /2.
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2.1.4 Polarizers

An optical device whose input is natural light and whose output is some form of
polarized light is known as polarizer. An instrument that separates the two components of
electric field, discarding one and passing on the other, is known as linear polarizer.
Depending on the form of the output, we could also have circular or elliptical polarizers. All

these devices vary in effectiveness down to what might be called leaky or partial polarizer.

Polarizers come in many different configurations, but all of them are based on one of the

following fundamental physical mechanisms.
2.1.4.1 Dichroism

Dichroism refers to the selective absorption of one of the two orthogonal electric field
components of an incident beam. The dichroic polarizer itself is physically anisotropic,
producing a strong asymmetric or preferential absorption of one field component while being

essentially transparent to the other.

Birefringence: In some crystalline substances (i.e., solids whose atoms are arranged in some
sort of regular repetitive array) the optical properties are not the same in all direction. They
have different refractive indices in different directions. A material of this kind, which
displays different indices of refraction, is said to be birefringent. A crystal so illuminated will
be strongly absorbing for one polarization direction and transparent for the other. Thus a

birefringent material in fact is dichroic.
2.1.4.2 Reflection

If a beam of white light is incident at one certain angle on the polished surface of ordinary
glass, it is found upon reflection to be plane polarized. This is perhaps the simplest method of

polarizing light and was discovered by Malus in 1808.
2.1.4.3 Scattering

The orientation of the electric field of the scattered radiation follows the dipole pattern. The

vibrations induced in the atom are parallel to the E-field of the incoming light wave and so
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are perpendicular to the propagation direction. An oscillating dipole does not radiate in the
direction of its axis. If the incident wave is unpolarized, the scattered light in the forward
direction is completely unpolarized. It becoming increasingly more polarized as the angle
increases. When the direction of observation is normal to the primary beam, the light is

completely polarized.
2.1.5 Law of Malus

This law tells us how the intensity transmitted by the analyzer varies with the angle that its
plane of transmission makes with that of polarizer. If natural light is incident on an ideal
linear polarizer, as in Figure 2.8, only plane polarized light will be transmitted. The polarized
light will have an orientation parallel to a specific direction, which may call the transmission
axis of the polarizer. In other words, only the component of the optical field parallel to the

transmission axis will pass through the polarizer unaffected.

™ y
\ Z

\ X ﬁe X

\ v Detector
E
\

| I

\ Polarizer

Natural light

Figure 2.8. A linear polarizer.

Now introduce a second identical ideal polarizer, as analyzer, whose transmission axis is
vertical. If the amplitude of the electric field transmitted by the polarizer is E,, only its
component, E,.cos6, parallel to the transmission axis of the analyzer will be passed on to the

detector (Figure 2.9). The irradiance reaching to the detector is given by

1(6) = E2 cos’ 0. (2.23)
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Z
A
\ > Ecos
8 { |[Ecost |
\  /
\r\ - Detector
\\ \
A \ E \
Analyzer
\ Polarizer

Natural light
Figure 2.9 A linear polarizer and analyzer- Malus's law.
The maximum irradiance, l,, will occur when the angle 6 between the transmission axis of

the analyzer and polarizer is zero. The above equation can be rewritten as
1(6) = 1,.c0826. (2.24)

This is known as Malus’s law. It is clear from equation (2.24) that for 0 is equal to 90°, the
output intensity after the analyzer will be zero. This is due to the fact that the electric field
that has passed through the polarizer is perpendicular to the transmission axis of the analyzer.
The electric field is therefore parallel to the extinction axis of the analyzer and therefore, no
component is along the transmission axis. We can use this setup along with Malus’s law to

determine the linear polarization of an optical beam.
2.1.6 Optical Activity

The phenomenon of optical activity was first observed by French scientist D.F.J. Arago in
1811. He discovered that the plane of vibration of a beam of linear light underwent a
continuous rotation as it propagate along the optic axis of a quartz crystal (Figure 2.10).
Latter the same effect was observed in vapors and liquid forms of various natural substances.
Thus a material that causes the E-field of an incident linear plane wave to appear to rotate is
said to be optically active. Moreover, there are some right-handed and left-handed rotations.

If we look in the direction of the source and the plane of vibration appears to have revolved
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clockwise, the substance is referred to as dextroratory, d-rotatory (dextro meaning right). If

E-field appears to rotate counterclockwise, the material is said to be I-rotatory.

-
e

d-rotatory

A A A A A A A A/

YV VYV VY Y VY VY l!

Quartz

Figure 2.10 Optical activity displayed by quartz.

In 1825, Fresnel proposed a simple phenomenological description of optical activity. Since
the incident light wave can be represented as a superposition of right and left circular light,
he suggested that these two forms of circular light propagates at different speeds. Such
material possesses two indices of refraction, one for right circular light (ng) and one for left
circular light (n.). In traversing an optically active specimen, the two circular waves would
get out of phase, and the resultant linear wave would appear to have rotated. Egs. (2.7) and
(2.9) described right and left circular light propagating in the z-direction. We can rewrite

these equations as

Er = Eo [i cos(krz — wt) + j sin(krz — ot)] (2.25a)
and

EL = E, [i cos(k .z — ot) —j sin(k.z — wt)] (2.25b)

where kr = Kong, and ki = kon.. The resultant disturbance is given by E = Eg + E, therefore

we have
EL = 2.E,. cos((krt+kp).z/2 — wt) [i cos(kr-k)z/2) — j sin(kr-k()z/2)] (2.26a)

At the position where the wave enters the medium (i.e., z = 0) it is linearly polarized along

the x-axis, that is,

E = 2.E,.i. cosot. (2.27)
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At any point along the path, the two components have the same time dependence and are
therefore in phase. This just means that anywhere along the z-axis the resultant is linearly
polarized (Figure 2.11), although its orientation is a function of z. Moreover, if ng>n_ (or

kr>k\), E will rotate counterclockwise, whereas if k_>kg, rotation is clockwise.

Figure 2.11 The superposition of a Right- and Left- circular light fqork..

2.2 Interference

In the previous chapter we know that two beams of light can be made to cross each other
without either one producing any effect on the other after it passes beyond the region of
crossing. In this sense the two beams do not interfere with each other. However, in the region
of crossing, where both beams are acting at once, we observe that resultant amplitude and
intensity is very different from the sum of the two beams acting separately. This modification
of intensity obtained by the superposition of two or more beams of light we call interference.
If the resultant intensity is zero or in general less than we expect from the separate intensities,
we have destructive interference. While if the resultant is greater, we have constructive
interference. After the dominating century of corpuscular theory of light, Thomas Young, in

1801, performed the historical experiment of the interference of light.

We have derived the expressions of the superposition of two scalar waves, and in many
respects those results will again be applicable. But light is a vector phenomenon; the electric

and magnetic fields are vector fields. In accordance with the principle of superposition, the
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electric field intensity E, at a point in space, arising from the separate fields E;, E;, ... of

various contributing sources is given by
E=E1+Ex+...

The light field E varies in time at a very rapid rate (roughly ~5x10** Hz) making the actual
field an impractical quantity to detect. But the irradiance ‘I’ can be measured directly with a
wide variety of sensors (e.g., photocells, photographic emulsions, eye, etc.). Therefore, we

can study the interference by measuring the irradiance.
To study interference, consider two point sources, S; and S,, emitting monochromatic waves
of the same frequency in a homogeneous medium. Furthermore, let their separation ‘a’ be

much greater that L. Locate the point of observation P far enough away from the sources so

that at P the wavefronts will be planes (Figure 2.12). For the moment, we will consider only

a>>),

Figure 2.12 Waves from two point sources overlapping in space.

linearly polarized waves of the form

Ea(r,t) = Eo1 cos(Ky.r — ot + ¢1) (2.28a)
and

Ea(r,t) = Eg cOS(Ka.I — ot + ¢). (2.28b)

The irradiance at P is given by
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| o« <E*> (2.29a)

Since we will be concerned only with relative irradiance within the same medium, we simply

neglect the constant of proportionality and set
| = <E>> (2.29b)

The <E?> is the time average of the magnitude of the electric field intensity squared, or

<E.E>. Accordingly

E2=E.E=(E;+E)) . (E; + E)) (2.30a)
and thus
E°=E>+E2 +2E;.E; (2.30b)

Taking the time average on both sides, we find the irradiance becomes

=1+ 1, + 1y, (231)
provided that
I1:<E12>,I2:<E§>,and|12:2<E1.E2>. (232)

The last term is known as the interference term. From equation (28) we can evaluate the last

term as
Ei1.E2=Eo . Epz cos(Ky.r — ot + ¢1) X cos(Ka.r — ot + ¢,) (2.333)
or equivalently
E1.E2=Eo . Eo2 [cOS(Ki.I + ¢1). cosot + sin(ky.r + ¢1). sinwt]
x [cos(ka.r + ¢2). coswt + sin(Ka.r + ¢,). Sinwt] (2.33b)

Using the time average values of <coswt> = 1, <sinwt> = 1, and <coswt. Sinwt> = 0, and

simplifying the equation (2.30b), we have
E,.E, = % Eoi . Eo2 cos(kl.r + ¢1— Ko.r — (I)z) (2343.)
The interference term is then

lp = Eol . Eoz CO0S9, (234b)
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where & = (K1.r + ¢1— ko.r — ¢), is the phase difference arising from a combined path-length
and initial phase angle difference. It is important to note that if E,; and E,; are perpendicular,
then their dot product will be zero, i.e., i, =0and I = I; + I,. Two such orthogonal waves not

interfere but yield some other polarized states.

The most common situation corresponds to Eo; parallel to Eq,. In that case, the irradiance
reduces to the value found in the scalar treatment of superposition of waves. Under those
conditions

12 = Eg1. Ego. COSH. (235)
Again by taking the time average, we can write

li=<EZ>=1E},and ,=<E}>=1E},. (2.36)

ol

The interference term becomes

lio=2 /1,1, cosd, (2.37)
and the total irradiance is

=1+ 1+2 /L1, cosd. (2.38)

Equation (2.38) shows that, at various points in space the resultant irradiance can be greater,
less than, or equal to I; + I, depending on the value of Iy, or in other words 8. A maximum in

the irradiance is obtained when cosd = 1, so that

Imax =i+ L+ 2 1,1, (2.39)
when
0=0, +27, +4m, ...

In this case the path difference between the two waves is an integer multiple of 2z, and the
disturbances are said to be in phase. This can also be called as total constructive interference.
When 0 < cosd < 1 the waves are out of phase, 11 + I, < | < I, and the result is known as
constructive interference. At § = n/2, cosd = 0, the optical disturbances are said to be 90° out

of phase, and I = I, + I,. For 0 > cosd > —1, we have the condition of destructive interference,
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Iy + 12> | > Imin. The minimum of the irradiance results when the waves are 180° out of phase,

troughs overlap crests, i.e., cosé = -1 and
Imin. = li+ 12 —2 1,1, (2.40)
This occurs when 6 = + 7w, +3n, +£5m, ... and it is referred as total destructive interference.

When amplitudes of both the waves reaching at P are equal (i.e., Eo; = Egy), the irradiance

from both sources are then be equal. Let 1; = I, = I, then equation (2.35) can be written as

| = 2.1, (1 + c0s8) = 4.1,. c0s%(8/2) (2.41)
Equation (2.41) clearly shows that irradiance maxima occur (i.e., Imax. = 4l) When

d =2mm, form=0, +1, £2,... (2.42a)
Similarly minima, for which I, = 0, arises when

S=nm, form =+1, £3, £5, ... (2.42Db)

The above equations equally holds for spherical waves emitted by S; and S,. Such waves can

be expressed as

Ex(rit) = Eou(rs) expli(k.ry — ot + ¢1)] (2.43a)
and

Ea(ra,t) = Ea(rs) cos[i(k.r — ot + ¢2)]. (2.43b)

The terms r; and r, are the radii of the spherical wavefronts overlapping at P; in other words

they specify the distances from the sources to P. In this case

S =K(ri—r2) + (1 — ¢2) (2.44)

Using equation (44) and (42), the expression for maximum and minimum irradiance can be

rewritten as
(r1—r2) = [2am + (o2 — 01)]/k for maximum irradiance (2.453)
and

(ri—r)=[mm + (¢2— dp1)1/K for minimum irradiance (2.45Db)
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If the waves are in phase at the source, i.e., (¢2 — ¢1) = O, the equation (2.45) can be

simplified as

(r1—r2) = 2nm/k = mi (2.46a)
and

(m—-r)=nm/k=1imnx (2.46b)

for maximum and minimum irradiance, respectively.

From the above discussion we can find the condition for interference of the two linearly

polarized waves as

1. Two orthogonal coherent linearly polarized waves cannot interfere in the sense that

I, = 0 and no fringes result.

2. Two parallel, coherent linearly polarized waves will interfere in the same way as of
natural light.

2.2.1 Wavefront-Splitting Interferometers

Interference apparatus may be divided into two main classes, (a) based on the division of
wavefront and (b) based on the division of amplitude. The former class is the one, which was
experimented first, in which the wavefront is divided laterally into segments by mirrors or
diaphragms. It is also possible to divide a wave by partial reflection, the two resulting
wavefronts maintaining the original width but having reduced amplitudes. Young’s
Experiment originally performed nearly two hundred years ago is one of the representative

examples of the wavefront-splitting interferometer.
2.2.1.1 Young’s Experiment

The original experiment performed by Young is shown schematically in Figure 2.13.
Sunlight was first allowed to pass through a pinhole S and then, at a considerable distance
away, through two pinholes S; and S;,. The two sets of spherical waves emerging from the
two holes interfered with each other in such a way as to form a symmetrical pattern of

varying intensity on the screen AC. If the circular lines represent crests of waves, the
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intersections of any two lines represent the arrival at those points of two waves with the same
phase or with phases differing by a multiple of 2n. Such points are therefore those of
maximum disturbance or brightness. A close examination of the light on the screen will

reveal evenly spaced light and dark bands or fringes, similar to those as shown in Figure

R

C

)

Figure 2.13 Experimental arrangement for Young,s double slit experimen

1

Figure 2.14 Interference pattern.
The equation (2.46a) gives the condition for maximum irradiance as
(r1—r2) =mA (2.46a)

Since the wavelength A for light is very small, a large number of surfaces corresponding to
the lower values of m will exist close to, and on either side of, the plane m = 0. A number of
fairly straight parallel fringes will therefore appear on the screen in the vicinity of m =0, and

for this case the approximation ry ~ r, will hold.

Consider a hypothetical monochromatic plane wave illuminating a long narrow slit. From
that primary slit a cylindrical wave will emerge. Suppose that this wave falls on two parallel,
narrow, closely spaced slits, S; and S, (as shown in Figure 2.15). The segments of the
primary wavefront arriving at the two slits will be exactly in phase, and the slits will

constitute two coherent secondary sources. We expect that wherever the two waves coming
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from S; and S; overlap, interference will occur (provided that the optical path difference is

less than the coherence length).

Figure 2.15. The geometry of Young's experiment.

In Figure 2.15 the distance between the two slits and the screen would be very large in
comparison with the distance a between the two slits (e.g. several thousand times), and all the

fringes would be very close to the center O of the screen. The paths difference between the
rays along S,P and S,P can be determined by dropping a perpendicular from S, onto S,P .

This path difference is given by

S,B=S,P-S,P (2.47a)
or

S,B =(r1—r2). (2.47b)
We can express the path difference as

(r1 —r2) = a.sino, (2.48)
Since 6 ~ sind for small angles, we can write

0=yls (2.49)
or

(r1—r2) = (als)y. (2.50)
Combining equations (2.46a) and (2.50) we obtained

Ym = (s/a).mA (2.51)
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This gives the position of the mth bright fringe on the screen, if we count the maximum at O
as the zeroth fringe. The angular position of the fringe is obtained by substituting the

equation (2.51) into equation (2.49) we get
m = MA/a. (2.52)

The spacing of the fringes on the screen can be obtained from equation (2.51). The difference

in the positions of two consecutive maxima is
Ym-1— Ym = (s/@).(m+1)A — (s/a).mA (2.50a)
Ay = (s/a).A (2.50b)

This pattern is equivalent to that obtained for two overlapping spherical waves (in the region

r. ~rp). We can apply equation (41) using the phase difference 6 = k.(r; —r2) and get
| = 4.1,. c0s5%(8/2) = 4.1,. cos’[K.(r1 — 12)/2], (2.51)
Provided that the two beams are coherent and have equal amplitudes I,. Since
r—ry=(als)y (2.52)

the resultant irradiance becomes
) yan
| =4.lo. cos™| gy (2.53)

Figure 2.16 shows the idealized intensity pattern, which should be observed at the screen, the
consecutive maxima are separated by the Ay given in equation (2.50b). The actual pattern

drops off with distance on either side of O because of diffraction.

There are a few more interferometer, which are based on the principle of wavefront-division,
e.g., Fresnel’s double mirror, Fresnel’s biprism, Lloyd’s mirror, etc. Details of these

interferometers may be found in several textbooks, e.g. Optics by E. Hecht.

2.2.2 Amplitude-Splitting Interferometers

The second category of the interference apparatus is based on the division of amplitude of the

wave. There are a good number of amplitude-splitting interferometers that utilize

221



Unit-2

arrangements of mirrors and beam-splitters. The best known and historically the most

prominent of these is the Michelson Interferometer.

|=4. Io.cosz(m)
R SA
4.1,
s as as 0o2s s Wms Y
2a a 2a 2a a 2a

Figure 2.16. Idealized irradiance verses distance curve.

Other amplitude-division interferometers are Mach-Zehnder interferometer, Sagnac
Interferometer for rotation measurements, etc. Details of these can be found in Optics by E.

Hecht and Fundamentals of Optics by Jenkins and White.

2.2.2.1 Michelson Interferometer

Michelson interferometer is a device, based on the principle of interference of light, which
can be used to measure lengths or change in length with great accuracy. We will describe the

form originally built by A. A. Michelson in 1881.

The configuration of Michelson interferometer is illustrated in Figure 2.17. An extended light

L - - Ml
Lens Beam splitter
Source I }
MZ
Screen

Figure 2.17 Experimental arrangement for Michelson interferomete
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sources emits a wave which travels to the right. The beam-splitter at O divides the wave into
two, one segment traveling to the right and one upward. The two waves are reflected by
mirrors My and M, and return to the beam-splitter. Part of the wave coming from M, passes
through the beam-splitter going downward and part of the wave coming from M is deflected
by the beam-splitter downward to the screen. Thus the two waves are united, and interference

can be observed.

If mirror M, is moved backward or forward, the effect is to change the thickness of the
equivalent air film. Suppose that the center of the circular fringe pattern appears bright and
that M, is moved just enough to cause the first bright circular fringe to move to the center of
the pattern. The path of the light beam striking M, has changed by one wavelength. This
means (because the light passes twice through the equivalent air film) that the mirror must
have moved one-half a wavelength.

The interferometer is used to measure changes in length by counting the number of
interference fringes that pass the field of view as mirror M, is moved. In 1961, an atomic
standard of length was adopted by international agreement, which described the standard as
the wavelength of the orange-red light of the krypton-86 has replaced the platinum iridium
bar as standard of length. Now the meter is defined as a multiple (1,650,763.73) of the
wavelength of the light emitted from krypton-86.

2.3 Diffraction

When a beam of light passes through a narrow slit, it spreads out to a certain extent into the
region of the geometrical shadow. This is one of the simplest examples of diffraction, i.e., of
the failure of light to travel in straight lines. It can be explained only by assuming a wave
character of light. In this section we shall investigate quantitatively the diffraction pattern, or
distribution of intensity of the light behind the aperture, using the principles of wave motion.

2.3.1 Fresnel and Fraunhofer Diffraction

Consider an opaque shield, A, containing a single small aperture, which is being illuminated
by plane waves from a distant point source S, as shown if Figure 2.18. The plane of

observation, B, is a screen parallel with, and very close to A. Under these conditions an
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image of the aperture is projected onto the screen, which is clearly recognizable despite some
slight fringing around its periphery. If the plane of observation is moved further away from
A, the image of the aperture becomes increasingly more structured as the fringes become
more prominent. This phenomenon is known as Fresnel or near-field diffraction. If the plane
of observation is slowly moved out still farther, a continuous change in fringes results. At a
very great distance from A, the projected pattern will have spread out considerably, bearing
little or no resemblance to the actual aperture. Further moving B essentially changes only the
size of the pattern and not its shape. This is Fraunhofer or far-field diffraction. If the point
source was now move toward A, spherical waves falls on the aperture, and a Fresnel pattern

would exist, even on a distant plane of observation.

m\\\\\ |
s ////// N

L L

1 2 BL

Figure 2.18. Fraunhoffer diffraction

In other words when the source of light and the screen on which the pattern is observed are
effectively at infinite distance from the aperture causing the diffraction is called Fraunhofer

diffraction.

On the other hand, when S or P or both are near to the diffracting aperture A, thus the
curvature of the incoming and outgoing waves are not negligible, then Fresnel diffraction is

dominant.

As a practical rule of thumb, Fraunhofer diffraction will occur at an aperture (or obstacle) of

width a when

R > a?/n (2.57)
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where R is the smaller of the two distances from S to A and A to P. An increase in the

wavelength A clearly shifts the phenomenon toward the Fraunhofer extreme.

A practical realization of the Fraunhofer condition, where both S and P are effectively at
infinity, is achieved by using an arrangement equivalent to that of Figure 2.18. The point
source S is located at Fy, the principal focus of lens L;, and the plane of observation is the

second focal plane of L,. The image at B would be a Fraunhofer diffraction pattern.

Although the Fraunhofer diffraction is a special case of the Fresnel diffraction but because of
its simplicity, wide applications and limitations of the length of a Unit we will discuss the
Fraunhofer diffraction only.

2.3.2 The Single Slit Fraunhofer Diffraction

A typical arrangement for single slit Fraunhofer diffraction is shown in Figure 2.19. A single
slit has a width of several hundred A and a length of a few centimeters. Diffraction pattern
only appears due to small width, the long length, i.e., a few cm, does not play any significant
role, therefore, the length of the coherent line source actually corresponds to the width of the
slit. The irradiance resulting from an idealized coherent line source (of width b and

wavelength 1) in the Fraunhofer approximation is given by”

o SinBY
'(6)"(0)( B ] (2.58)

where 3 = (nb/A)sin6 and O is measured from the x-axis in the z direction. Figure 2.20 shows
the graph of the intensity pattern. This pattern will be seen to have the form required by the
experimental result in Figure 2.21. The maximum intensity of the strong central band comes
at the point Py (Figure 2.22), where evidently all the secondary wavelets arrive in phase
because the path difference is zero. For this point p = 0, and although the quotient sinf3/(3
becomes indeterminate but sinf3 approaches 3 for small angles and is equal to it when

vanishes. Hence sin/p =1 for p— 0.

“ See Optics by E. Hecht for derivation of the expression.
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Figure 2.19 Experimental arrangement for obtaining the diffraction pattern of a sing
slit Fraunhofer diffraction.
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Figure 2.20 Intensity pattern for Fraunhofer diffraction of a single slit show
positions of maxima and minima.

In equation (2.58), the line source (slit width b) is short, p is not large, and the irradiance falls
off very rapidly but the higher order maxima are observable. The extrema of 1(6) occur at

values of 3 that causes dI/dp to be zero, that is,
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2.sinB.(Bcosp —sinp) _

dl
— =1(0). 2.59
a5 (0) 53 (2.59)
Figure 2.21 Single slit diffraction pattern.
P
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Figure 2.22 Geometrical construction for investigating the intensity in the sin
slit diffraction pattern.

After the principal maxima at p = 0, the irradiance has minima, equal to zero, when
sinp =0, forp = +m, £2r, £3m, ... (2.60)

The secondary maxima do not fall halfway between these points, but are displaced towards

the center of the pattern. This can be obtained from the above equation (2.59) as
B.cosp —sinp =0 = tanp = p. (2.61)

The values of B satisfying this relation can be found graphically as the intersection of the
curve f1(B) = tanp and the straight-line f,() = . Only one maxima exists between adjacent

minima, so that 1(0) has subsidiary maxima at the values of § (+1.43n, +2.46n, +3.47x7, ..).
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For physical understanding of the phenomenon of the diffraction through single slit consider

the light from the slit of Figure 2.23 coming to the point P on the screen. The point Py is just

Figure 2.23 Angle of the first minimum of the single-slit diffraction patter

one wavelength farther from the upper edge of the slit than the lower edge. The secondary
wavelet from the point in the slit adjacent to the upper edge will travel approximately A/2
more than that from the point at the center, and so these two will produce vibrations with a
phase difference of n and will give a resultant displacement of zero at P;. Similarly the
wavelet from the next point below the upper edge will cancel that from the next point below
the center, and we can continue this pairing off to include all points in the wavefronts, so that
the resultant effect at P, is zero. At P the path difference is 2X, and if we divide the slit into
four parts, the pairing of points again gives zero resultant, since the parts cancel in pairs. For
the point P, the path difference is 3A/2, and we divide the slit into three, two of which will
cancel, leaving on third to account for the intensity at this point. The resultant amplitude at P,

is for less than one-third that at Py due to some other reasons.
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The above treatment is not very good if the screen is at a finite distance from the slit. As
Figure 2.23 is drawn, the dotted line is drawn to cut off equal distances on the rays to P;. It
will be seen from this that the path difference to P; between the light coming from the upper
edge and that from the center is slightly greater than A/2 and that between the center and the
lower edge slightly less than A/2. Hence the resultant intensity will not be zero at P; and Pg,
but it will be more nearly to it for greater the distance between slit and screen or for narrower
slits. This corresponds to the transition from Fresnel diffraction to Fraunhofer diffraction.
When the screen is at infinity, the relations become simpler. The two angles 0, and 0, in
Figure 2.23 become exactly equal, i.e., the two dotted lines are perpendicular to each other,
and A = b.sinB; for the first minimum corresponding to B = =. In practice 0 is usually very

small angle, so we may put the sine equal to the angle, then

0; =A/b (2.62)
The width of the pattern increases in proportion to the wavelength, so that for red light it is
roughly twice as wide as for violet light. The angular width of the pattern for a given
wavelength is inversely proportional to the slit width b, so that as b is made large, the pattern
shrinks rapidly to a smaller scale. When width of the aperture is comparable to a wavelength
the diffraction is significant. Sound waves will be diffracted through large angles in passing

through an aperture of ordinary size, such as an open window.

2.3.3 The Double Slit Fraunhofer Diffraction

The interference of light from two narrow slits close together has already been discussed as a
simple example of the interference of two beams of light. In double slit diffraction, the slits

are assumed to have widths not much greater than a wavelength of light.

The intensity from the double slit diffraction is~
sin’ )
1(0) =4l,. B—2 .COS” o (2.63)

where [ is the same as defined for the single slit, o = (nd/A)sinG, and d is the spacing
between the two slits. The factor (sin’B/B?) in this equation is just the same for the single slit

of width b, in the previous section. The second factor cos?c is characteristic of the
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interference pattern produced by the two beams of equal intensity and the phase difference 6
as shown in the discussion of Young’s experiment. There the resultant intensity was found to
be proportional to cos?(8/2), so that the expressions correspond if we put o = 8/2. The
resultant intensity will be zero when either of the two factors is zero. For the first factor this
will occur when p = +n, +2xn, +3xn,.., and for the second factor when o =
+7n/2, +3n/2, +57/2, .... The two variable § and o are not independent.

In equation (2.63), for 6 = 0 direction (i.e., when p = o = 0), I, is the flux-density
contribution from either slit, and 1(0) = 41, is the total flux density. The factor of 4 comes
from the fact that the amplitude of the electric field is twice what would be at that point with
one slit covered. In the same equation, if d = 0, i.e., the two slits combines into one (o = 0)
and the equation (2.63) becomes 1(8) = 4.1,.(sin’B/p?). This is the equivalent equation for
single slit diffraction with the source strength doubled. We might expect the total expression
as being generated by a cos?a interference term modulated by a (sin?p/p?) diffraction term. If
the slits are finite in width but very narrow, the diffraction pattern from either slit will be
uniform over a broad central region and the bands resembling the idealized Young’s fringes

will appear within that region (Figure 2.24). In fact the intensity distribution in the double slit

diffraction pattern is a combination of the interference and diffraction simultaneously, sharp

maxima and minima is due to interference and the broader modulation is due to diffraction.
2.3.4 Diffraction Grating

An arrangement that is equivalent in its action to a number of parallel equidistant slits of the
same width is called a diffraction grating. In the previous section we have discussed double

slit diffraction, which may be considered as an elementary grating of only two slits.

The procedure for obtaining the irradiance function for a monochromatic wave diffracted by
many slits is essentially the same as that used when considering two slits. In the case of N
long parallel, narrow slits, each of width b and center to center distance d, the irradiance at an

0 is given by

“ See again Optics by E. Hecht.
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1() =|0.(Si” Bj .(Si” NO‘) (2.64)

B sin o

where o and 3 is the same as defined for the two slit case.

2l 13

Figure 2.24 Double slit diffraction pattern.

The most striking modification in the pattern as the number of slits is increased consists of
narrowing of the interference maxima as shown in Figure 2.25. For two slits these are
diffuse, having intensity, which vary essentially as the square of the cosine. With more slits
the sharpness of these principal maxima increases rapidly and for large N, they have become

narrow lines.

In equation (2.64) the new factor (sin?> Nau/sin’e)) may be said to represent the interference
term for N slits. It possesses maximum values equal to N? for o = 0, +m,
+ 27, +£3mx, .... Although the quotient becomes indeterminate at these values, this result can

be obtained by noting that

lim SII‘-I Not = |lim M =+N (2.65)
a—>mr SIN oL a—>mn CoSo

These maxima correspond in position to those of the double slit. For the above values of «,

we have
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dsin®=0, +4, £22, ... = +mA. (2.66)

These maxima are more intense, however, in the ratio of the square of the number of slits.
The relative intensities of the different orders, m, are in all cases governed by the single-slit
diffraction envelope (sin’f/p?). Hence the relation between {8 and . in terms of slit width and

slit separation remains unchanged.

Figure 2.25 Multiple slit diffraction patterns.
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Problems

2.1 Describe completely the state of polarization of each of the following waves:
(@) E =1E,.cos(kz — ot) — j Eo.cos(kz — ot)

(b) E =1 E,.cos(kz — ot) + J Eq.cos(kz — ot)

(c) E =1E,.cos(ot - kz) + j Eo.cos(ot — kz + 7t/2)

(d) E =i E,. sin(kz — ot) - j Eo.sin(kz — ot)

2.2 Write an expression for a linearly polarized light wave of angular frequency o and
amplitude E, propagating along the x-axis with its plane of vibration at angle of 30° to the

xy-plane. The disturbance is zero att =0 and x = 0.

2.3 Suppose that an ideal polarizer is rotated at a rate w between a similar pair of rotational
crossed polarizers. Show that the emergent flux density will be modulated at four times the
rotational frequency. In other words, show that

I = (11/8) (1 - cosdmt)
where | is the flux density emerging from the first polarizer and I is the final flux density.
2.4 1s Young’s experiment an interference experiment or a diffraction experiment, or both?

2.5 Design a double slit arrangement that will produce interference fringes 1° apart on a

distant screen. Assuming wavelength of light as 632.8 nm.

2.6 What changes occur in the pattern of interference fringes if the apparatus of the Young’s

experiment is placed under water?

2.7 In double slit experiment the distance between slits is 4.0 mm and the slits are 1 meter
from the screen. Two interference patterns can be seen on the screen, one due to light of 480
nm and the other 632.8 nm. What is the separation on the screen between the third-order

interference fringes of the two different patterns?

2.8 In a double slit arrangement the slits are separated by a distance equal to 100 times the

wavelength of the light passing through the slits. (a) What is the angular separation between
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the first and second maxima? (b) What is the linear distance between the first and second

maxima if the screen is at a distance of 1 meter from the slits?

2.9 A Michelson interferometer is illuminated with monochromatic light. One of its mirrors
is then moved, and 1500 fringe-pairs shift past the hairline in a viewing telescope during the

process. If the device is illuminated with 632.8 nm light, how far was the mirror moved.

2.10 A collimated beam of microwaves impinges on a screen that contains a long horizontal
slit that is 25 cm wide. A detector moving parallel to the screen in the far field regions
locates the first minimum of irradiance at an angle of 300 above the central axis. Determine

the wavelength of the radiation.

Books for further reading

F. A. Jenkins and H. E. White, Fundamentals of Optics, 4™ ed. (McGraw-Hill, New York,
1985)

E. Hecht, Optics, 2™ ed. (Addison-Wesley, Reading, Mass., 1990).
R. Guenther, Modern Optics, (John Wiley & Sons, New York, 1990).

M. Born and E. Wolf, Principles of Optics, 6™ ed. (Pergamon, Oxford, 1986).
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Geometrical Optics

Objective

Geometrical optics is being studied for the last several centuries and still its application can
be found in most of the experimental research, especially in lasers and its applications. To
study the laser resonator, one needs the ray tracing. Light propagation through optical fibers
is commonly used and has wide applications. This unit deals with the basic laws of the

geometrical optics, matrix formulation for ray tracing and optical fibers.

3.1 Introduction

Geometrical optics is the study of the propagation of light which passes through systems with
dimensions, which are large compared with the wavelength of light. The propagation of light
can be described with a few simple geometrical relationships, which are the four basic laws
of geometrical optics. Since the observations of these phenomena require no special scientific
apparatus, therefore, these were studied a long time ago and geometrical optics is considered

as the oldest branch of optics.

By the end of the twentieth century, a large number of applications of the geometrical optics
have been found. Laser resonators and optical fibers are among the new applications. After
the basic laws of the geometrical optics we will discuss the matrix formulation of optical

components and finally the optical fibers will be described.
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3.2 Laws of Geometrical Optics

The first law of geometrical optics is the law of rectilinear propagation. This is a scientific
way of saying that in an isotropic, homogeneous medium, light travels in straight lines. An
isotropic homogeneous medium is one whose physical properties are constant and the same
in every direction. Examples of such media are vacuum, optical air, and calm air. A modern
demonstration of rectilinear propagation is to shine a laser beam through chalk dust
suspended in air. The laser beam clearly travels in straight line.

Another law of geometrical optics is again very trivial and known as law of reversibility.
This law states that if the direction of a ray is reversed, it will trace exactly the same path
backwards. The law of rectilinear propagation also agrees with the law of reversibility. After
all, a straight line is a straight line in both directions.

We will discuss the laws of reflection and refraction and its present form, i.e., Fresnel’s laws

in a little more detailed.

3.2.1 Laws of Reflection and Refraction

When light encounters a surface between two media, its direction of propagation will be
changed in two ways. The light will bounce off the surface, which we call reflection; and the

light will be transmitted, which we call refraction (Figure 3.1). In the Figure 6;, 6, and 6; are

Figure 3.1 Reflected and transmitted wavefronts at a given instai
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the angles of incidence, reflection, and refraction (or transmission), respectively. We can

write from the figure that

sin 6, =£, (3.1a)

AD
sSind, :Azc, (3.1b)

AD

: AE
sinf, = —. 3.1c
‘=25 (3.1c)

From the above three equations we have

sinb, _sin®, _sinb, _ 1 (3.2)

BD AC AE AD

If speed of the incident and reflected light is v;, and for the transmitted light is v; in the

medium, we can write

BD = vit, AC=vit, and AE=wt, (3.3)

Substituting these values in the equation (2) and cancelling t, we have

sin®, sinB, sin6,

Vi Vi Vi

(3.4)

It follows from the first two terms that the angle of incidence equals the angle of reflection,
that is,
0; = 0,. (3.5)

This is mathematical formulation of the law of reflection. Another important condition
regarding the law is that the incident ray, reflected ray, and the normal to the interface lie on

the same plane.
The first and last term of equation (3.4) yield

sing; _ v, (3.6)
sin®, v, '

since vi/vy = nd/n; (n¢ and n; being the refractive indices of the two mediums)
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n;.sind; = n;.sino; (3.7)

This is very important law of refraction, the physical consequences of which has been

studied some eighteen hundred years ago.

3.2.1.1 Fresnel Reflections

Ordinary glass is a good example of a dielectric, when light incident on it normally, a small
portion of it is reflected back and a major portion is transmitted through it. At other angles of
incidence the reflecting intensity increases with angle until at 90°, that is, grazing incidence,
at which all the light is reflected.

It was observed that the light reflected from the dielectric medium is partially plane-
polarized. The incident unpolarized light can be considered as having two plane-polarized
components, the vibrations of which are parallel and perpendicular to the plane of incidence,
respectively. In the laboratory, this can be performed by examining the reflected light that

passes through a polarizer (Figure 3.2). If the polarizer is oriented with its principal axis

Air
Glass O

D

Figure 3.2 Analysis of the reflected light into its two plane-polarized
components.

parallel to the plane of incidence, the p-vibrations, i.e., the vibrations parallel to the plane of
incidence can be measured. Rotation of the polarizer through 90° then allows the s vibrations
perpendicular to the plane of incidence to be measured. The reflected intensities in the p and

s polarized light is plotted in Figure 3.3 as two solid curves against the angle of incidence.
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Figure 3.3 Reflected intensities for a dielectric having n =1.50.

The curves of Figure 3.3 are represented very accurately by theoretical equations, which

were first derived by Fresnel and are known as Fresnel laws of reflection. The law may be

written as
Lo SinO,-0) (3.2
sin(o, +6,)
_ tan(0,-0,) (3:80)
P tan(0, +0,)’ |
_ 2:5in6,.cos8; (3.8¢)
* sin(, +96,) ' |
= 2.sin©,.cos0; | (3.8d)
 sin(®, +0,).cos®, —0,)

where rs, and r, are amplitude reflection coefficients, and t; and t, are amplitude transmission

coefficients of s and p polarized light, respectively. The reflectance are given by r? and
rpzand these are the curve in the Figure 3.3. At normal incidence the parallel and

perpendicular components must be equally reflected because here the plane of incidence is

undefined and the two components are not distinguishable. With increasing 6;, rpzdrops and

r’rises until at the polarizing angle their values are zero and 15%, respectively. At grazing
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incidence both components are totally reflected. The value of the reflectance at normal
incidence can be easily determined from the equation (3.8a and 3.8b). For small 6;, we can

set sine and tan are equal, as

r, =—r, :r:S!n(&—_et) (3.9a)
P sin(0, +9,)

; sin®, cosO, —cos0,.sin 6,

=2 : (3.9b)
sin©, cosO, +cos0,.sin0,

Dividing numerator and denominator of equation (3.9b) by sin6; and replacing sin6;/sin6; by
n, we find that it reduces to

(e Nn.cosO, — cos 0; _h-1
n.cosO, +cos6; n+1 (3.10)

The approximate equality becomes exact in the limit when angles become zero. Hence

reflectance at the normal incidence is

S|
n+1 (3.11)
This very useful equation gives the reflectance at 6; = 0 for any single clean surface of a

dielectric. Thus a glass having n = 1.50 has r? = 0.04, or exactly 4 percent as indicated in
Figure 3.3.

3.2.1.2 Internal Reflection

In the previous discussion it was assumed that the light strikes the boundary from the side of
the rare medium to denser medium, so that we are dealing with the external reflection.
Fresnel’s laws apply equally well to the case of denser to rare medium, or internal reflection.
If the same value of n is to be assumed for the dense medium, then in the previous
discussions only involves the exchange of 6; and 6; in the equations. The resulting curves of
reflectance are plotted in Figure 3.4. The reflectance varies in the similar fashion as of
external reflection up to the critical angle 0. (= 41° for ordinary glass). The reflections of s

and p components start at 4 percent on the normal incidence, and diverge until the polarizing
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Figure 3.4 Intensity for internal reflection at a dielectric boundary, n = 1.5

angle is reached. At the critical angle the refracted ray comes out at grazing angle, and
internal reflection becomes 100% just as for external reflection at grazing incidence. When 6
exceeds the critical angle, Fresnel equations contains imaginary quantities, but reflection

remains total.

3.2.1.3 Brewester’s Law

When an unpolarized light falls on a dielectric medium, the reflected and refracted beams are
partially polarized. By changing the incidence angle the polarization may increase or
decrease and at certain incidence angle the reflected and refracted beams are completely
polarized but their polarizations are orthogonal to each other. To get clearer picture, consider
unpolarized light to be incident at an angle 6; on a dielectric medium like glass, as shown in
Figure 3.5. There will always be a reflected ray OR and a refracted ray OT. Experimental
observation shows that the reflected ray OR is partially plane-polarized and that only at
certain definite angle, about 57° for ordinary glass, it is plane-polarized. It was Brewester
who first discovered that at this polarizing angle ‘0j,’ the reflected and refracted rays are just
90° apart. This remarkable discovery enables one to correlate polarization with the refractive

index. According to the law of refraction
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sin 6,
. =n
sin O,

(3.12)

where 6; and 0 are angles of reflection and refraction, respectively. Since at Brewester angle

Oib, the angle ROT = 90°, we have sin(0y,) = cos(0iy), giving

sin®, sinB, 0
sin®,,  cos6,,

=  tan(@p)=n (3.13)

This is Brewester’s law, which shows that the angle of incidence for maximum polarization
depends only on the refractive index. It therefore varies a little with wavelength, but for
ordinary glass the dispersion is such that the polarizing angle (6i,) does not change much

over the whole visible spectrum.

S 4 S R
4% ei Or R ei er
Air Air
Glass Glass
(@ (b) T

Figure 3.5 (a) Polarization by reflection and refraction. (b) Brewester's law
for the polarizing angle.

The phenomenon of polarization at Brewester’s angle can be understood as follows. The
incident beam sets the electrons in the atoms of the material into oscillation, and it is the re-
radiation from these that generates the reflected beam. When the latter is observed at 90° to
the refracted beam, only the vibrations that are perpendicular to the plane of incidence can
contribute. Those in the plane of incidence have no component traverse to the 90° direction
and hence can not radiate in that direction. The reason is the same as that which causes the
radiation from a horizontal antenna to drop to zero along the direction of the wires.
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3.3 Optical Components

The instruments/components used to control the path of the optical radiation may be termed

as optical components. This section we will start with the simplest component, i.e., mirrors.

3.3.1 Mirrors

A mirror is an optical component, which reflects most of the radiation falls on it. In general
the mirrors are formed by metallic coating on some substances, however, dielectric medium

are also used for reflection. Mirrors can be subdivide according to the shape or curvature.

3.3.1.1 Plane Mirrors

Plane mirrors perhaps the simplest and extremely common image forming system. The
nature, size, and location of plane mirror images can be determined by applying the law of
reflection to a number of rays leaving an object point. Another interesting aspect of the
images formed by the mirror is the inversion. In fact, the meaning of mirror image in

everyday language is that the right and left hands are reversed.

3.3.1.2 Spherical Mirrors

These mirrors are formed from a small portion of a sphere. A spherical mirror in which
reflecting surface bows outward is convex and the one that bows inward is called concave.
An important characteristic of these mirrors is that they have axial symmetry, this implies
that the centres of all spherical surfaces in the system lie along a straight line. This line is

called the optical axis.

If we draw rays reflecting off a spherical mirror, we should realise that the rays do not all
crosses at one image point (Figure 3.6) and a sharp image will not be formed. In fact, we
need to restrict the rays. If we deal only with rays that make small angles with the optical
axis and never get very far from the optical axis, then the rays take paths through the optical
systems, which are similar to the path taken by the optical axis. These rays are called paraxial
rays. Dealing only with paraxial rays means that all rays coming from a particular object

point will meet again at an image point. In practical laser resonators (will be discussed in
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unit-6) this is a good assumption, because only those rays keep on oscillating which lies close

to the optical axis.

Figure 3.6 Nonparaxial rays reflecting off a spherical mirror.

3.3.2 Lenses

A lens is an optical system consisting of two or more refracting interfaces at least one of
which is curved. A lens that consists of one element (i.e., it has only two refracting surfaces)
is a simple lens. The presence of more than one element make it a compound lens. A lens is
also classified as to whether its thickness is effectively negligible or not. We will limit
ourselves for centred systems (for which all surfaces are rotationally symmetric about a
common axis) of spherical surfaces. Lenses that are commonly known as convex,
converging, or positive are thicker at the centre and so tend to decrease the radius of
curvature of wavefronts. In other words, the wave converges more as it traverses the lens
(assuming that the index of refraction of the lens is greater than that of the media in which it
is immersed). Concave, diverging, or negative lenses, on the other hand, are thinner at the
centre and tend to advance that portion of the wavefronts, causing it to diverge more then it

did upon entry.

The image of an object can be formed from a thin lens by using the famous lens formula as;

11,1 (3.14)
f p g
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where f is the focal length of the lens, p is the distance of the object from the lens, and q is
the distance of the image from the lens. The value of f is +ve for convex lens and —ve for

concave lens, and p has positive sign for real image and —ve for virtual image.

The same relation for image formation holds for imaging from spherical mirrors but focal

length f is -ve for convex mirror and +ve for concave mirror (opposite to the lens system).

3.4 Ray Tracing

Ray tracing is one of the important tools of an optical designer. After completing an optical
system on paper, one can shine rays through it (mathematically) to evaluate its performance.
Any ray paraxial or otherwise, can be traced through the system exactly. Conceptually, it is a
simple matter of applying the law of refraction at the first interface, locating where the
transmitted ray then strikes the second surface, applying the law once again, and so on all the
way through. This ray tracing can be analytically done but life can be a lot easier by using
matrix method, introduced by T. Smith in 1930s.

3.4.1 Ray Matrix Formulation

In ray tracing by matrix method, each optical component has different matrix. For example,
when a ray encounters reflection and refraction, one can define a reflection matrix and
refraction matrix. By combining matrices that represent individual reflection and refraction in
an optical system, one obtains a resultant matrix from the essential properties of the
composite system. All the matrices will be derived under paraxial approximation. Paraxial
rays are those rays, which make very small angles with the axis and lies close to the axis
throughout in the optical system.

3.4.1.1 Matrix of a Component

Now consider a ray of light that is either transmitted by or reflected from an optical element
e.g., a lens or a mirror. If the ray is travelling approximately along the z direction, then the
ray-vector ry at a given input plane z = z; of the optical element (Figure 3.7) can be
characterised by two parameters, namely, its radial displacement ry(z;) from the z-axis at the

given plane and its angular displacement 6;. Similarly the ray-vector r; at a given output
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Optical Element

z, z
Figure 3.7 Matrix formulation of the optical components.

plane z = z, can be defined by its radial, r(z2), and angular, 6,, displacements. Within the
paraxial-ray approximation the angular displacements 6 are assumed to be very small such

that sin0~tan6~0 is a valid assumption. In this case the final position, (rz, 62) and initial

position, (ry, 61), are related by a linear transformation. If we put 6, ;(%} =1, and
z

Z

r . :
0, = (h) =, We can write
dz

r, = A, + Br, (3.15a)
and
r, = Cr,+Dr, (3.15h)

where A, B, C, and D are constants characteristic of the given optical element. In a matrix

formulation it is therefore convenient to write the above equations as

H ) K EH:} (3.16)

where ABCD matrix completely defines the given optical element within the paraxial ray

approximation.
3.4.1.2 Translation Matrix

As a first and simplest case we will consider the free-space propagation of a ray along a
length Az = L of a given material with refractive index n (Figure 3.8). If the input and output

planes lie just outside the medium, in a medium of refractive index equal to unit, we have
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r,=r+ . (3.17a)
and

L=t (3.17b)
and the corresponding ABCD matrix is

{1 L/ n} (3.18)

0 1

v

z=2 z=1
Figure 3.8 Calculation of the ABCD matrix for free space propagation

3.4.1.3 Matrix of a Lens

As a next case we consider ray propagation through a lens of focal length f (f is taken to be

positive for a converging lens). For a thin lens, shown in Figure 3.9, we have

\ 4

v,
p e q >

Figure 3.9 Derivation of the matrix for ray propagation through thin lenses
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r=r (3.19a)

The second relation is obtained from the well-known law of geometrical optics, i.e., the lens

formula, 1 + 1 = l and using the fact that p = i and q = —r—z. . We get
pq f n I
L=—/f>r+r (3.19b)

According to the equation (3.19a) and (3.19b) for a thin lens, the ABCD matrix is

1 0
{—1/1‘ 1} ' (3.20)

3.4.1.4 Matrix of a Spherical Mirror

Here we consider reflection of a ray by a spherical mirror of radius of curvature R (R is taken

to be positive for a concave mirror) as shown in Figure 3.10. In this case the z; and z, planes

L =5

Figure 3.10 Ray matrix of reflection from a spherical mirro

are taken to be coincident and to be placed just in front of the mirror. The positive direction
of the z-axis is taken to be that from left to right for the incident vector and from right to left
for the reflected vector. Given these conventions the ray matrix of a concave spherical mirror
of radius of curvature R and, hence, focal length f = R/2 becomes identical to that of a
positive lens of focal length f. The ray matrix is therefore equal to

Lo 3.21
{—ZIR J' (3.21)
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An important property that holds for all the three cases that we have considered is that the
determinant of the ABCD matrices is always unitary ( i.e., AD - BC = 1) if the index of

refraction at the input and output planes is the same.

3.4.1.5 Matrix of a Composite System

Once the matrices of the elementary optical elements are known one can readily obtain the
overall matrix of a more complex optical element by subdividing it into these elementary
matrices. Suppose that within a given optical element, there is an intermediate plane of co-

ordinate z;, as shown in Figure 3.11. The two elementary ABCD matrices between planes z =
z; and z = z; and planes z = z; and z = z, are known. If we call r; and r; the co-ordinates of the

ray vector at plane z = z;, we can write

H-e ol

] |C Diffn (3.22a)
r, B A, B, r, 3.22h
Wil 6229

ST
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z=12 z2=12 z=1

Figure 3.11 Ray propagation through distinct planes when two matrices betw

planes z = z and z = z and between planes z = zand z = z are known.

By substituting r; from the equation (3.22a) into the right hand side of the equation (3.22b),

we have
I"2 — A 2 BZ . Al Bl . rl (3 23)
rZI C 2 D 2 Cl Dl r.ll .
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The overall ABCD matrix can thus be obtained by the multiplication of the ABCD matrices
of the elementary components. Note that the order in which the matrices appear in the
product is the opposite of the order in which the corresponding optical elements are traversed
by the light ray.

As a trivial example, consider the free space propagation through a length L; followed again
by a free space propagation through a length L,, in a medium of refractive index n.

According to equation (3.23) the overall matrix equation can be written as

H {1 Lzln} {1 Ll/n} H
ES : | (3.24)
r, 0 1 0 1 r

The product of the two matrices of the equation (3.24) can be shown as

{1 (L, + LZ)In} (3.25)
0 1

This calculation confirms the result that overall propagation is equivalent to a free-space

propagation over a total length L = L; + L,.

In another example consider free propagation over a length L (in a medium of refractive
index n=1) followed by reflection from a mirror of radius of curvature R. According to
equations (3.18), (3.21) and (3.23) the overall ABCD matrix is given by

o orm allo 1

. ) (3.26)
B [—(2/ R) 1-(2L/ R)}

From the above discussion, it is obvious that this matrix is also unitary, i.e., AD — BC = 1,
and this formulation can be very helpful for describing the geometrical-optics behaviour of

an optical resonator and it holds for any arbitrary cascade of optical elements.

From the previous examples and discussions, we found that the reflection of a ray from a
curved mirror of radius R has the same effect as passage of a ray through a thin lens of focal
length f = R/2, provided that slope of the ray is always defined with respect to its forward
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direction of travel. This is important in establishing the connection between optical

resonators and lens waveguides.

3.5 Optical Fiber

In the previous section we have seen the law of refraction for denser to rare medium and at
certain critical angle of incidence the refracted ray emerges at grazing angle. Mathematically,

critical angle can be represented as
0. = arcsin(ni/ny) (3.27)

where n; is the refractive index of the medium in which light is reflected and n; is the
refractive index of the medium in which light is refracted at the grazing angle. When angle of
incidence increases from this critical value, the total internal reflection takes place. These
simple principles of refraction and reflection form the basis of light propagation through an

optical fiber.

Example 3.1: Show light propagation through a medium of refractive index 1.48

sand-witched in between medium of refractive index 1.46.
Solution: According to law of refraction, the critical angle is
6, = arcsin(1.46/1.48)
= 80.6°.

Therefore, the light striking the boundary between n; and n; at an angle greater than
80.6° from the normal reflects back into the first medium. Again the angle of
incidence equals the angle of reflection and light remains in the material of refractive
index n; = 1.48.

We saw that the reflection or refraction of light depends on the indices of refraction of the
two media and on the angle at which light strikes the interface. The optical fiber works on
this principle. Once light begins to reflect down the fiber, it will continue to do so under

normal circumstances.
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3.5.1 Numerical Aperture

Numerical aperture (NA) is the light-gathering ability of a fiber. Only light injected into the
fiber at angles greater than the critical angle will be propagated. The numerical aperture, a

dimensionless quantity, relates to the refractive indices of the core and cladding

NA=.n?-n? (3.28)

where ny is the refractive index of the core and n; is the refractive index of the cladding. We
can also define the angles at which rays will be propagated by the fiber. These angles form a
cone, called the acceptance cone, which gives the maximum angles of light acceptance. The

acceptance cone is related to the NA as
0 = acrsin(NA) (3.29a)
=NA =sin6 (3.29b)

where 0 is the half angle of acceptance (Figure 3.12). The NA of a fiber is important because
it gives an indication of how the fiber accepts and propagates light. A fiber with low NA
requires highly directional light.

Acceptance cone

Figure 3.12 Numerical aperture of an optical fiber.

In general, fibers with a high bandwidth have a lower NA and allow fewer modes. Numerical
apertures range from 0.5 for plastic fibers to 0.2 for graded-index fibers. A large NA

promotes more modal dispersion, since more paths for the rays are provided.
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3.5.2 Basic Fiber Construction

The optical fiber has two concentric layers called the core and cladding. The inner core is the
light carrying part. The surrounding cladding provides the difference in refractive index that
allows total reflection of light through the core. The index of cladding is less than 1% lower
than that of the core.

The optical fiber is the signal-carrying member, similar in function to the metallic conductor
in a wire. But the fiber is usually cabled, i.e., placed in a protective covering that keeps the

fiber safe from environmental and mechanical damage.

Figure 3.13 shows the idea of light travelling through a fiber. Light injected into the fiber and
striking the core-cladding interface at greater than the critical angle reflects back into the
core. Since the angle of incidence and reflection is same, the reflected light will again be

reflected. The light will continue to zigzag down the length of the fiber.

Jacket

Core .
Cladding

Cladding |

r Core ?,!,4\\‘

Light at less than Angle of  Angle of

critical angle is incidence  Reflection
absorbed in jacket

(b)

Figure 3.13 (a) An optical fiber (b) Total internal reflection in an optial fiber.

3.19



Unit-3

Light, however, striking the interface at less than the critical angle passes into the cladding,
where it is lost over distance. The cladding is usually inefficient as a light carrier, and light in

the cladding attenuated fairly rapidly.

Such total internal reflection forms the basis of light propagation through a simple optical
fiber. The analysis, however, consider only meridional rays, those that pass through the fiber
axis each time they are reflected. Other rays, called skew rays, those travel down the fiber
without passing through the axis. The path of a skew ray is typically helical, wrapping

around and around the central axis.

The specific characteristics of light propagation through a fiber depend on many factors,
including (i) size, (ii) composition, and (iii) the light injected into the fiber. Fibers have
exceedingly small diameters. For example; the diameter of the core/cladding of some
commonly used fibers are: 8/125, 50/125, 62.5/125, and 100/140 (fiber sizes are usually
expressed by first giving the core size, followed by the cladding size: thus, 50/125 means a
core diameter of 50 um and a cladding diameter of 125 pum). Just for comparison, one should

know that human hair has a diameter of about 100 um.

3.5.3 Fiber Classification

Optical fibers are classified in two ways, one way is by their material, i.e.;

1. Glass fibers have a glass core and glass cladding. The glass used in fibers is pure, highly
transparent silicon dioxide or fused quartz. Impurities are purposely added to the pure
glass to achieve the desired index of refraction. Germanium or phosphorus increases the

index, while boron or fluorine decreases it.

2. Plastic-clad silica (PCS) fibers have a glass core and plastic cladding. Their performance,

though not as good as all-glass fibers, is quite respectable.

3. Plastic fibers have a plastic core and plastic cladding. Compared with other fibers, plastic
fibers are limited in loss and bandwidth. Their very low cost and easy use, however,
make them attractive in applications where high bandwidth or low loss is not a concern.

Their electromagnetic immunity and security allow plastic fibers to be beneficially used.
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The second way to classify fibers is by the refractive index of the core and the modes that the
fiber propagates. A mode is a set of guided electromagnetic waves propagating along a
waveguide. For practical purposes, a mode is a path that a light ray can follow in travelling
down a fiber. The number of modes supported by a fiber ranges from 1 to over 100,000.
Thus, a fiber provides a path of travels for one or thousands if light rays, depending on its

size and properties.

3.5.4 Refractive Index Profile

The refractive index profile describes the relation between the indices of the core and
cladding. Two main relationships exist: step index and graded index. With this classification,

there are three types of fibers:

1. Multimode step-index fiber (commonly called step-index fiber)

2. Multimode graded-index fiber (commonly called graded-index fiber)
3. Single-mode step-index fiber (commonly called single-mode fiber).

The characteristics of each type have important bearing on its suitability for particular

applications.

3.5.4.1 Step-Index Fiber

The step-index fiber has a core with uniform index throughout. The profile shows a sharp
step at the junction of the core and cladding (Figure 3.14). Mathematically it can be
represented as

n r(a core

n(ry=<" < (core) (3.30)
n, r>a (cladding)

where a is the radius of the core. The multimode step-index fiber is the simplest type. It has a

core diameter from 100 to 970 um, and it includes glass or plastic constructions. As such, the

step-index fiber is the most wide ranging, although not the most efficient in having high

bandwidth and low losses.

Typical modal dispersion (will be discussed latter) figures for step-index fibers are 15 to 30
ns/km. This means that when rays of light enter a fiber at the same time, the ray following the
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longest path will arrive at the other end of 1 km-long fiber 15 to 30 nano-seconds after the

ray following the shortest path. The delay of 15 to 30 ns may not seem like much, but

n
A
nl
le— a >
7n2
—» T

Figure 3.14 Refractive index profile for step index fibews jis the core radius, nis
n, are the refractive indicies of the core and cladding, respectively.

dispersion is the main limiting factor on a fiber’s bandwidth. Pulse spreading results in a
pulse overlapping of adjacent pulses. Eventually, the pulses will merge so that one pulse
cannot be distinguished from another. The information contained in the pulse is lost.
Reducing the dispersion increases fiber bandwidth.

3.5.4.2 Graded-Index Fiber

The graded index has a non-uniform core. The index is highest at the centre and gradually
decreases until it matches that of the cladding as shown in Figure 3.15. There is no sharp
break between the core and the cladding. The variation in core refractive index is often

expressed in the form:

n(r)= nl{l - ZA.(gja } 2 r<a (3.31a)

and

L
<
—

nry=n,€{-2A r>a (3.31b)
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where A = (n;-ny)/ny; here ny is the axial refractive index while n; is the refractive index of
the cladding. The parameter o determines the core index variation. One can find that at r = a,

n(a) = ny, since A is usually much less than unity andn(a) =n,(1—-A) .

One way to reduce modal dispersion is to use graded-index fibers. Here the core has
numerous concentric layers of glass, somewhat like the annular rings of a tree. Each

successive layer outward from the central axis of the core has a lower index of refraction.

n
A

nl
<« a —n,
—» T

Figure 3.15 Refractive index profile for graded index fibers, wherand n's are
defined in Figure 3.15.

3.5.4.3 Single-Mode Fiber

Another way to reduce modal dispersion is to reduce the core’s diameter until the fiber
propagates only one mode efficiently. The single-mode fiber has an exceedingly small core
diameter of only 5 to 10 um. Standard cladding diameter is 125 um. Since this fiber carries

only one mode, therefore, modal dispersion does not exist.

Single-mode fibers easily have a potential bandwidth of 50 to 100 GHz-km. The point at
which a single mode fiber propagates only one mode depends on the wavelength of light
carried. A wavelength of 820 nm results in multimode operation. As the wavelength is
increased, the fiber carries fewer and fewer modes until only one remains. Single-mode
operation begins when the wavelength approaches the core diameter. At 1300 nm, for

example, the fiber permits only one mode. It becomes a single mode fiber.

The difference in propagation of light in single-mode and multimode fibers is that the optical
energy in a single mode fiber travels in the cladding as well as in the cores, the cladding must

be more efficient carriers of energy. In a multimode fiber, the light transmission
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characteristics of the cladding are basically unimportant. Indeed, because cladding modes are
not desirable, a cladding with inefficient transmission characteristics can be tolerated. This

situation does not hold for a single-mode fiber.

3.5.5 Dispersion in Fibers

The dispersion is the spreading of light pulse as it travels down the length of an optical fiber.
Dispersion limits the bandwidth or information-carrying capacity of a fiber. The bit rate must
be low enough to ensure that pulses do not overlap. A lower bit rate means that the pulses are

farther apart and greater dispersion can be tolerated. There are three main types of dispersion:

3.5.5.1 Modal dispersion

In optical fiber light reflects at different angles for different paths (or modes), the path
lengths of each mode is different. Thus, different rays take a shorter or longer time to travel
the length of the fiber. The ray that goes straight down the centre of the core without
reflecting arrives at the other end first. Other rays arrive latter. Thus, light entering the fiber
at the same time exits the other end at different times. The light has spread out in time. This
spreading of an optical pulse is called modal dispersion. A pulse of light that begins as a

tightly and precisely defined shape has dispersed, i.e., spread over time.
Modal dispersion occurs only in multimode optical fibers and can be reduced by;

1. using a small core diameter, e.g., a 100 um diameter core allows fewer paths than a 200

pum diameter core,

2. using a graded index fiber. Light travels faster in a lower index of refraction. So the
farther the light is from the central axis, the greater its speed. Each layer of the core
refracts the light. Instead of being sharply reflected as it is in a step-index fiber, the light
is now bent or continually refracted in an almost sinusoidal pattern. Those rays that
follow the longest path by travelling near the outside of the core have a faster average
velocity. The light travelling near the centre of the core has the slowest average velocity.
As a result, all rays tend to reach the end of the fiber at the same time. The graded index

reduces the modal dispersion to 1 ns/km or less.

3. using single-mode fiber, which permits no modal dispersion.
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3.5.5.2 Material dispersion

Different wavelengths travel at different velocities through a fiber, even in the same mode.

Earlier we saw that the index of refraction is

n= (3.32)

¢
Vv
where c is the speed of light in vacuum and v is the speed of the same wavelength of light in
the material. According to the speed, v, for different wavelength, index of refraction changes.
Dispersion from this phenomenon is called material dispersion since it arises from material

properties of the fiber.

Material dispersion is of greater concern in single-mode fibers. In a multimode system,
modal dispersion is usually significant enough that material dispersion is not a factor. The
820 nm to 850 nm region of the spectrum is used as transmission wavelength for many fiber-
optic systems. In this region, material dispersion can be approximated as being roughly equal

to 0.1 ns/nm of spectral width.

3.5.5.2 Waveguide dispersion

Waveguide dispersion, most significant in a single-mode fiber, occurs because optical energy
travels in both the core and cladding, which have slightly different refractive indices. The
energy travels at slightly different velocities in the core and cladding because of the slightly
different refractive indices of the materials.

Problems

3.1 Calculate the lateral displacements of rays of light incident on a block of glass with
parallel sides at the following angles (a) 2.0° (b) 5.0° (c) 20° (d) 40°, (e) plot a graph of the

displacements, d, verses incident angle.

3.2 A rectangular aquarium is to be filled with water. The sides are made of glass plates of

5.0 mm thick. Inside, the walls are 30 cm apart, and the refractive index of the glass is 1.517.
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If a ray of light is incident on one side at an angle of 45° find the lateral displacement

produced when the tank is (a) empty and (b) filled with water.

3.3 Compute the reflectance at normal incidence for the following materials: (a) diamond,
n = 2.426; (b) quartz, n =1.547; (c) rutile, n = 2.946; (d) crown glass, n = 1.526.

3.4 Calculate the critical angles for water/air interface. The refractive index of water is 1.333.

3.5 Unpolarized light strikes a smooth glass ( n = 1.781) surface at an angle 45°. Calculate
the intensities of the reflected p and s components. Also find the degree of polarization of the
reflected ray.

3.6 What are the advantages of paraxial ray approximation for matrix formulation of

geometrical optics? Which limitations arise due to this approximation?

3.7 Consider a ray propagating in free space is incident on a medium with a refractive index
n = 1.53, as shown in Figure 3.16.

[
|
|
|
[ n,=1.53
|
|
|

v

|
|
|
|
|
e—— L=2cm —»{
Figure 3.16

After travelling a distance of 2 cm, it emerges out of this medium into free space again. If

0, = 0.5 mrad, calculate 6, using (a) Snell Law (b) Ray matrix approach.

3.8 Show that the ABCD matrix for a ray entering a spherical dielectric interface from a

medium of refractive index n; to a medium n, is

1 0
n,-m 1on
n, R n,

where R is the radius of the spherical surface.

3.26



Geometrical optics

Books for further reading
R. Ditteon, Modern Geometrical Optics (John-Wiley & Sons, NY, 1998)

F. A. Jenkins and H. E. White, Fundamentals of Optics, 4" ed. (McGraw-Hill, New York,
1985)

E. Hecht, Optics, 2™ ed. (Addison-Wesley, Reading, Mass., 1990)
R. Guenther, Modern Optics, (John Wiley & Sons, New York, 1990).

J. Wilson and J.F.B. Hawkes, Optoelectronics: An Introduction, (Prentice-Hall International,
India, 1996)

O. Svelto, Principles of Lasers, (Plenum Press, New York, 1989)
P. W. Milonni and J. H. Eberly, Lasers, (John Wiley & Sons, New York, 1991).

A. E. Seigman, Lasers and Masers, (1971)

3.27



Unit-4
LASERS:

Introductory Concepts

Objective

The objective of this unit is to give the student introductory but fundamental concept
regarding lasers. These concepts include the fundamental difference between spontaneous
and stimulated emission, their origins, and basic requirements of laser emission, e.g., active
medium, population inversion, and optical feedback. A brief history is also given for general

interest.

4.1 Introduction and Brief History

Laser is a device that amplifies light and produces a highly directional, high intensity beam
that typically has an almost pure frequency or wavelength. It comes in sizes ranging from
approximately one-tenth the diameter of a human hair to the size of a very large building, in
powers ranging from 10 to 10% watts, and in wavelengths ranging from the microwave to
the soft x-ray spectral regions with corresponding frequencies from 10*! to 10" Hertz. Lasers
have pulse energies as high as 10* joules and pulse duration as short as 10™ seconds.

Lasers are key components of some of our most modern communication systems and are the
“phonographic needle” of compact disc players. They are used for heat treatment of high-
strength materials, such as the pistons of automobile engines, and provide a special surgical
knife for many types of medical procedures. They act as target designators for military

weapons and are used in the checkout scanners. They can easily drill holes in the most
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durable of materials and can weld detached retinas within the human eye.

The word laser is an acronym for Light Amplification by Stimulated Emission of Radiation.
One of the major processes in lasers is stimulated emission. Albert Einstein gave the idea of
stimulated emission of radiation in 1917. Until that time, physicists had believed that a
photon could interact with an atom in only two ways: it could absorbed and raise the atom to
higher energy level or be emitted as the atom is dropped to a lower energy level. Einstein
proposed a third possibility that a photon with energy corresponding to that of an energy
level transition could stimulate the atom in the upper level to drop to the lower level by

emission of another photon with the same energy and phase as the first one.

The stimulated emission is least known because at thermodynamic equilibrium more atoms
are in lower energy levels than in higher ones. Thus a photon is much more likely to
encounter an atom in a lower level and be absorbed than to encounter one in a higher level

and stimulate emission.

The first efforts to use the idea of stimulated emission were a few decades latter in the
microwave region and led to the invention of maser “microwave amplification by stimulated
emission of radiation”. The maser concept evolved nearly simultaneously in the United
States and Soviet Union. A physicist Charles H. Townes of the Colombia University is

known as the inventor of maser.

Townes thought that molecules in the excited state could be stimulated to emit microwaves
when placed in a special resonant cavity designed to enhance the emission. He outlined the
idea to post-doctoral fellow Herbert Zeiger and graduate student James P. Gordon in 1951,
and by 1953 they had a working maser. Meanwhile, Alexander M. Prokhorov and Nikolai
Basov (1954) of Lebedev Physics Institute in Moscow calculated the details of maser action
and published shortly after Townes’s results. The contributions of all these three men were

recognised and they were awarded Nobel Prize in physics in 1964.

After maser, Townes and other physicists began looking beyond the microwave region to
shorter wavelengths. They realised that at those wavelengths the physical conditions required
to produce stimulated emission would be very different. Townes and Arthur L. Schawlow (of
Bell Labs.) worked out many key parameters. Their results were published in a major paper

in 1958 and they also filed a patent application before the paper was published.
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Meanwhile, a graduate student at Columbia, Gordon Gould, was working out his own
analysis of the conditions required for stimulated emission at visible wavelengths. Gould
wrote his proposals in a set of notebooks in 1957 but did not try to publish his results
promptly. He wanted to patent his work but due to some bad legal advice, he did not file a
patent application until 1959, about nine months after the Schawlow-Townes patents
application was submitted. The Schawlow-Townes patent was granted promptly, but Gould’s
application ran into a lengthy process. Finally, Gould got four patents in 1977, 1979, 1987
and 1988, based on divisions of his original application.

Schawlow and Townes have received many scientific honours for their work, but Gould
received little recognition until his patents were issued. Although Gould loses the prestige
race, yet he benefited financially. However, it was he, who first coined the word LASER in

his notebooks. Schawlow and Townes described their idea as an “optical maser”.

Publication of Schawlow-Townes paper stimulated many scientists to build lasers, and
interest spread beyond the narrow scientific community. Schawlow, Gould and most
researchers thought that gases were the best materials for lasers. However, Theodore H.
Maiman, a young scientist at Hughes Research Laboratories in Malibu, California, quietly
disagreed. He preferred synthetic ruby crystals to gases, although some theorists insisted that
ruby would not work. Maiman, who had studied energy levels in ruby extensively, proved
that the theorists were wrong. In mid-1960 he proudly demonstrated the world’s first laser,
the ruby laser. The laser era was born.

Maiman had to face a lot of difficulties; Hughes management told him to stop work on the
ruby laser, the prestigious journal, Physical Review Letters, rejected his report of ruby laser
but it was published in Nature. Today, however, Maiman is universally recognised as the

person who built first laser and has received a number of honours.

Maiman’s demonstration of the ruby laser opened the floodgates and was followed by the
demonstration of helium neon laser by Ali Javan, W.R. Bennett Jr., and Donald R. Harriot at
Bell Telephone Laboratories in Murray Hill, New Jersey. Their first helium-neon laser
operated at 1.15 micrometers (um) in the near infrared. Latter, other researchers found the

632.8 nanometer (nm) red line which made the helium-neon laser most popular.

The laser boom really got going. In 1961, L. F. Johnson and K. Nassau demonstrated the first
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solid-state neodymium laser in which the Nd ions were dopant in calcium tungstate, but the
today’s best choice of neodymium host for best commercial applications- yttrium aluminium
garnet (YAG), was demonstrated as a laser material in 1964. Three separate groups
demonstrated semiconductor diode lasers nearly simultaneously in fall 1962. All the teams
demonstrated the same gallium arsenide diodes cooled to the 77 K temperature of liquid
nitrogen and pulsed with high-current pulses lasting a few microseconds. The next few years
saw the birth of several more important lasers. W. B. Bridges (1964) observed 10 laser
transitions in the blue and green parts of the spectrum from singly ionised argon. C. Kumar
and N. Patel (1964) obtained a 10.6 um laser emission from carbon dioxide. Sorokin and J.
R. Lankard (1966) demonstrated the first organic dye laser; hydrogen chloride emitting at 3.7
pm was demonstrated in 1965 by J. V. V. Kaspar and G. C. Pimentel.

4.2 Basic Principle of Lasers

In order for most lasers to operate, three basic conditions must be satisfied. First, there must
be an active medium, that is, a collection of atoms, molecules, or ions that emit radiation in
the optical part of the electromagnetic spectrum. Second, a condition known as population
inversion, i.e., more number of atoms available at the higher energy level as compare to
lower energy level, must exist. This condition is highly abnormal in nature. It is created in a
laser by an excitation process known as pumping. Finally, for true laser oscillation to take
place there must be some form of optical feedback present in the laser system. If this was not
present, the laser might serve as an amplifier of narrow-band light, but it could never produce

the highly collimated, monochromatic beam that makes the laser so useful.

4.2.1 Active Medium

The heart of a laser system is a material capable of emitting radiation of the required energy.
This material, known as active medium, may have any form e.qg. solid, liquid, or gas but must
contain a set of energy levels in which it can absorb or emit energy in the form of optical

radiation.
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4.2.1.1 Energy levels

In the macroscopic world, energy might seem to vary continuously, like the level of sand in a
pail. If we look closely at the sand, we can see that it is made up of many separate grains, and
that we can add or subtract only one grain at a time. Likewise, atoms and molecules can only
have certain amounts of energy. We call these energy states or levels.

For example, let’s look at the simplest atom (hydrogen) in which a single electron circles a
nucleus that contains a single proton. At first glance, the hydrogen atom looks like a very
simple solar system, with a single planet (the electron) orbiting a star (the proton). The force
that makes the atom stable is the attraction between the positive charge of the proton and the

negative charge of the electron.

The electron can occupy only certain orbits, as shown in Figure 4.1. We show the orbits as
circles for simplicity, but we can’t really measure exactly what the orbit looks like. If we add
energy to our simple planetary system, the planet would move farther from the star. The
same happens in the hydrogen atom. As we add more energy to the atom, the electron moves
to more and more distant orbits. However, there is crucial difference between the behaviour
of a hydrogen atom and our imaginary planetary system. The planet can be at any distance
from the sun, or could even fall into it. However, the electron can only occupy certain orbits
also called energy levels. These energy levels are plotted in Figure 4.1. Atom is, in general,

lies in the lowest possible energy level, the ground state.

The energy levels in the hydrogen atom get closer together as they get higher above the
ground state. Eventually the differences become vanishingly small. If the electron gets too
much energy, it escapes from the atom altogether, a process called ionization. If we define
the energy of the ionized hydrogen atom to be zero, we can write the energy of the atom E as

a negative number using the simple formula:
E =-R/n’ (4.1)

where, R is a constant (2.178x10™*® Joules), n is the quantum number of the orbit (counting

outwards, with one the innermost level).
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Figure 4.1 The hydrogen atom and the corresponding energy levels.

4.2.1.2 Transitions

The process of making changes or “transitions” between energy levels is very important to
laser physics. To look at the process, let’s start again with the hydrogen atom. The electron
needs to gain energy to move from ground state to higher energy level. Conversely, it must
release energy when it drops from a higher level to lower one. One of the most convenient
ways (although by no means the only way) for an electron to absorb or release energy is as a
photon, a quantum of electromagnetic energy. The photon energy equals the difference in

energy between the two energy levels.

Suppose we start with the electron in the ground state and want to raise it up one step to the
first excited level. To do so, we must give the electron exactly as much extra energy as the
difference in energy between the ground state and the first excited level. Conversely, for the
electron to drop from the first excited level to the ground state, it must emit a photon with as
much energy as the difference in energy between the two levels. In short, the photon energy
equals the transition energy. The energy of a photon can be represented by hv; in the

frequency term, where h (= 6.626 x 10°** J.s) is the Plank’s constant and v is the frequency of
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the transition, or in the wavelength form hc/A, where c is the velocity of light in vacuum and
A is the wavelength of the photon. An electron in a hydrogen atom can emit or absorb light at

only certain wavelengths.

This neat ordering of energy levels is evident only in hydrogen atom, where there is just a
single electron. Add more electrons, and the energy level picture quickly becomes more
complicated. Electrons interact with each other, and with the nucleus, shifting energy levels
slightly. Electrons can occupy subshells within each shell. The more complex the energy
level structure, the more transitions between energy levels is possible. The more transitions,
the larger number of possible spectral lines. Superimpose them all on a single spectrum and

look almost like a set of random lines.

Another complication is that all transitions are not equally likely. One reason is that more
atoms are in some states than in others. For example, under normal circumstances, more
atoms are in ground state than in excited levels. Another is that quantum mechanical rules
make some transitions much more likely than others. That means that an atomic or molecular
species will absorb or emit some wavelengths much more strongly than others. This effect
shows up both in absorption spectra (which shows that wavelengths the material absorbs
when light from another source passes through it) and emission spectra (the wavelengths the

material emits when it is itself de-excited).

4.2.1.3 Types of Transitions

So far we have concentrated on electronic transitions, partly because we picked the hydrogen
atom as our introductory example. Electronic transitions can cover a wide range of
wavelengths. These occur at ultraviolet, visible, or infrared wavelengths from 100 nm in the

ultraviolet through to near infrared wavelengths.

The shortest wavelengths come from inner-shell electronic transitions in heavy elements,
which involve much more energy than outer-shell transitions. These short wavelengths are
considered to be X-rays. On the other hand, transitions between high lying electronic energy
levels (say, level 18 and 19 of hydrogen) involve very little energy, putting them deep in the
infrared, microwave, or even radio-frequency range. Because these are qualitatively different

than higher-energy transitions of outer electrons, they are put into special class called
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Rydberg transitions.

Neither Rydberg transitions nor X-ray emission falls into the optical region, which is a very
small portion of the electromagnetic spectrum, therefore, these are not likely events under
normal laser conditions. Transitions between nuclear energy levels can produce even higher

energy photon, called gamma rays.

On the other end of the wavelength spectrum are transitions between vibrational and
rotational energy levels of molecules. Vibrational transition energies typically correspond to
wavelengths of a few to tens of micrometers; rotational transitions have less energy, typically

corresponding to wavelengths of at least 100 micrometers.

Transitions in two or more types of energy levels can occur simultaneously. For example, a
molecule can undergo a vibrational and rotational transition simultaneously, with the
resulting wavelength close to that of more energetic vibrational transition. Many infrared

lasers emit families of closely spaced wavelengths on such vibrational-rotational transitions.

Remember in considering transitions that longer wavelengths correspond to lower energy,
and shorter wavelengths correspond to higher energy (E = hc/A). Thus, the energy of a
vibrational transition is much larger than that of a rotational transition, even though the
rotational wavelength is much larger. A combination of a rotational and vibrational transition
thus has only slightly different energy than the original vibrational transition. Transition

energies or frequencies add together in a straightforward manner:
Eivo=E1+E> (42)

where, Ej., is the combined transition energy, E; and E, are the energies of the separate
transitions. The same rule holds for frequencies, with v substituted for the energy. However,

wavelength () of combined transitions add by an inverse rule:
Uk =10 + 1, (4.3a)

oF A= U(L0 +102) (4.3b)

4.2.1.4 Spontaneous Emission

We know that atoms have well defined energy levels and they can be pushed to the higher
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energy states (excited states) by absorption of a photon or by some other means e.qg. electric
discharge. Atoms spent some time in the excited state and then decay to the lower energy
state. The average time required to de-exite the 1/e number of atoms from the upper level to
the lower level is called lifetime of the state. This lifetime can be very small e.g. in nano-
seconds and up to a few seconds. Typically, for electronic transitions it is in the order of ten
nano-seconds. After spending this period in the excited state, atoms come down to the lower
energy state by emitting a photon. This emission of photon from an excited atom is called
spontaneous emission. This phenomenon one sees in daily life. Sun, bulb, tubelight and all
the fluorescent devices emit photons spontaneously in the visible region. These photons are

emitted in all the direction and illuminate the whole area, probably, this is the blessing of

Lasers: Introductory Concepts

spontaneous emission.

Example 4.1: Describe spontaneous emission from excited helium

When we see helium discharge lamp directly, it appears to emit pinkish white light as

shown in Figure 4.2. In fact in the discharge, helium atoms are being excited in the

upper energy levels. They soon give up their energies by dropping down to lower

energy level with emission of photons. This spontaneous emission involves quite a

number of different energy levels and thus produces the photons of different colours.

When viewed the same discharge through a diffraction grating (an optical element to

7065
6678

5876

5015
4922

4713
4471

Wavelength in Angstrum

He spectrum

—_ Transparent Eye
—_— grating
v A Helium
« .
»—4 discharge
lamp

Figure 4.2 Helium discharge spectrum observed through a transmission grating.
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separate different wavelengths of light) multiple images of different colours of the
lamp appear at different angles. A strong yellow line at 588 nm is prominent but
violet, green, blue, red and deep red lines can also be seen.

To understand the spontaneous emission a little more, let us consider two energy levels, 1
and 2, of some given material, their energies being E; and E, (Ei<E;) and population
densities N; and N, as shown in Figure 4.3. It is convenient, however, to take level 1 to be
the ground level. Let us now assume that an atom (or molecule) of the material is initially in
level 2. Since E,>E;, the atom will tend to decay to level 1. The atom must therefore release
the energy, corresponding energy difference (E,-E;). This energy is delivered in the form of a

photon of frequency v given by

V= M (4.9)
h
N, E,
>
=)
)
c
L
N E

1
Figure 4.3 Two level energy system.

Spontaneous emission is therefore characterized by the emission of a photon of energy hv =
E»-E1, when the atom decays from level 2 to level 1 (Figure. 4a). Note that radiative emission
is just one of the two possible ways for the atom to decay. The decay can also occur in a non-
radiative way. In this case the energy difference E,-E; is delivered in some form other than a

photon (e.g., it may go into kinetic energy of the surrounding molecules).

The probability of spontaneous emission can be characterised in the following way: Let us
suppose that, at time t, there are N, atoms (per unit volume) in level 2. The rate of decay of
these atoms due to spontaneous emission, i.e., (dN./dt)s,, will obviously be proportional to

N». We can therefore write
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dN,}
[ it lp =—AuN, (4.5)

The coefficient Ay, is called the spontaneous emission probability or the Einstein coefficient.
The quantity ts,=1/A;; is called the spontaneous emission lifetime. The numerical value of

A1 (and tsp) depends on the particular transition involved.

Initial state Final state
L 4
W QUAU-
Spontaneous
emission
\ 4 o
@
| (b)
A Stimulated W
‘ emission
\ 4 e
A ‘
| (c)
VA - | Stimulated
absorbtion
°

Figure 4.4 Energy level diagram illustrating (a) spontaneous emission, (b) stimulated

emission and (c) stimulated absorption.

In spontaneous emission each individual atom acts like a small randomly oscillating antenna
emitting at the transition frequency. Therefore, the total emission from a collection of

spontaneously emitting atoms exhibit noise-like character (Figure 4.5).
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incoherent radiations

Figure 4.5 Spontaneous emission is incoherent or noise-like character, emerging randomly in

all directions.

4.2.1.5 Stimulated Emission

In stimulated emission, the atom is triggered to undergo the transition in the presence of
photons of energy (E;-Ei). In these transitions each individual atom acts like a passive
resonant antenna that is set oscillating by the applied signal. Therefore, the internal motion or
oscillation in the atom is not random, but is driven by an applied signal. Let us again assume
that the atom is found initially in level 2 and a photon of frequency v as of equation (1) is
incident on the material. Since this wave has the same frequency as the atomic frequency,
there is a finite probability that this wave will force the atom to undergo the transition 2 — 1.
In this case the energy difference E,-E; is delivered in the form of a photon that adds to the
incident one as shown in Figure 4b. There is, however, a fundamental distinction between the
spontaneous and stimulated processes. In the case of spontaneous emission, the atom emits a
photon that has no definite phase relation with that emitted by another atom. Furthermore, the
photon can be emitted in any direction. In the case of stimulated emission, since the process
is forced by the incident photon, the emission of any photon adds in phase to that of the
incoming wave. This wave also determines the direction of the emitted wave. In this case,

too, we can characterise the process by means of the equation

dN
( 2] =—PvBxu N>
st

dt (4.6)
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where (dN,/dt); is the rate at which transitions 2— 1 occur as a result of stimulated emission,
B,; is called the Einstein coefficient for stimulated emission, the energy density p, = Nhv,

where N is the number of photons per unit volume having frequency v.

4.2.1.6 Absorption

All the atoms and molecules have discrete energy levels. An atom can absorb a photon and
become excited. Let us now assume that the atom is initially in level 1. If this is the ground
level, the atom will remain in this level unless some external stimulus is applied to it. We
shall assume that a photon of frequency v given by equation (1) is incident on the material. In
this case there is a finite probability that the atom will be raised to level 2 (Figure 4.4c). The
energy difference E»-E; required by the atom to undergo the transition be obtained from the

energy of the incident photon. This is the absorption process.

In a similar fashion to equations 2 & 3, we can write an equation for absorption rate,

p,BN
a7 @.7)

where N; is the number of atoms per unit volume that at the given time are lying in level 1

and By is called the Einstein coefficient for stimulated absorption.

In the absorption process, the incident photon is simply absorbed to produce the 1—2
transition. In the beginning of the century, Einstein also showed that the coefficients of
stimulated emission and absorption are equal, i.e. B;=B1, (assuming that degeneracy in both

the upper and lower level is same)

4.2.1.7 The Einstein Relations

Einstein showed that the parameters describing the above three processes are related through
the requirement that for a system in thermal equilibrium, the rate of upward transitions (E; to

E;) must be equal to the rate of downward transition processes.

We can write the upward transition rate as N1p,Bi,. The total downward transition rate is the
sum of the induced and spontaneous contributions i.e. N2pyB21+N2Az1. In the preceding

discussions A1, B, and By, are called the Einstein coefficients. The relationship between
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them can be established as follows.

For a system in equilibrium, the upward and downward transition rates must be equal and

hence we have

N1pyvB12 = N2pyBo1+N2A2¢ (4.8)
Thus
S NAL w52
NlBlZ - Nszl
or
p, = M (4.9b)
N,/N, -1

The populations of various energy levels of a system in thermal equilibrium are given by

Boltzmann statistics to be:

N - N, exp(-E; /KT)

77> exp(-E, /KT) (4.10)

where N; is the number of atoms in the jth level with energy E;j, N is the total number of
atoms, k is Boltzmann constant, and T is temperature in Kelvin.

Nl
— =8 E,-E,)/KT
Hence N, Xp((E; ~E.)/KT) (4.11)

= exp(hv/KT)

From equations 4.9b and 4.11 we get ratio of spontaneous emission to stimulated emission in

thermodynamic equilibrium as

A

—2 —exp(hv/KkT)-1 (4.12)

PvB2x
Equation (4.9) shows that whenever there is emission of photons, each in thermal
equilibrium, stimulated emission is always present. ;However, the ratio of stimulated
emission to spontaneous emission depends on the temperature (in thermal equilibrium)

frequency of the photons and the number of photons available for stimulation.
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Example 4.2: Calculate the ratio of spontaneous emission to stimulated emission for
tungsten filament lamp operating at a temperature of 1500 K (assume the average frequency
v to be 5x10* Hz).

Solution: The ratio R of spontaneous emission to stimulated emission (R = %) is as
PyBay

follows

R =exp(hv/KkT)-1

Taking k=1.38x102* JK™, h=6.6x10"**J.s, v =5x10"* Hz.

ex
P 1.38x10°2.1500
~e'® ~ 8.4x10°

-34 4
a (6.6x10 5x10' ]_1

This confirms that under conditions of thermal equilibrium stimulated emission is not very
significant. For sources operating at lower temperatures and higher frequencies stimulated

emission is even less likely.

Example 4.3: At what temperature are the rates of spontaneous and stimulated emission
equal for 4=550 nm radiation? At what wavelength are they equal at room temperature
(T=300 K)?

Solution: For spontaneous and stimulated emission rates to be equal at wavelength of 550

nm, we have
R = exp E)-1:1
AKT
_he_ 1
" Ak In(1+R)

Substituting values of h=6.6x10* J.s, k=1.38x10% JK™, c=3x10® m/s, =550 nm, and R=1,
we get T=37635 K. Hence to achieve the equal spontaneous and stimulated emission

temperature of more that thirty seven thousand Kelvin is required.

Similarly for equal spontaneous and stimulated emission rates at room temperature we can
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find the required wavelength, A, as

,ohe 1
kT In(L+R)

Again substituting values of all the constants and temperature T=300 K, we found A~69 um
which lies in the microwave region. Thus radiation of 69 um wavelength have equal

spontaneous and stimulated emission rates at room temperature.

The above discussion indicates that the process of stimulated emission competes with the
processes of spontaneous emission and absorption. Clearly if we wish to amplify a beam of
light by stimulated emission then we must increase the rate of this process in relation to the
other two processes. To achieve this for a given pair of energy levels we must increase i)
radiation density and ii) the population density N, of the upper level in relation to the
population density N1 of the lower level. We shall show that to produce laser action we must
create a condition in which N,>N;, even though E,>E; that is we must create a so-called

population inversion.

4.2.2 Laser Pumping

The population inversion required for light amplification constitutes an abnormal distribution
of atoms among the various available energy levels. To understand how light amplification
can be achieved in a medium, it is necessary to consider the Boltzmann distribution and then

pumping mechanism to achieve the population inversion.

4.2.2.1 Population Inversion

The population inversion condition required for light amplification is a non-equilibrium
distribution of atoms among the various energy levels of the atomic system. The Boltzmann
distribution, which applies to a system in thermal equilibrium, is given by equation 7, it is
obvious that as E;j increases N; decreases for a constant temperature. We note that if the
energy difference between E; and E; is nearly equal to kT (~0.025 eV at room temperature)

then the population of the upper level would be 1/e or 0.37 times of the lower level. For an
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energy difference large enough to give visible radiation (~2.0 eV), however, the population

of the upper level is almost negligible.

Example 4: An atom has two energy levels with a transition wavelength of 694.3 nm.
Assuming that all of the atoms in an assembly are in one or other of these levels, calculate
the percentage of the atoms in the upper level at room temperature (T=300 K) and at T= 500
K.

Solution: The energy of the radiation of wavelength 694.3 nm,
i.e. E=hc/4=6.6x10"*.3x10%/694.3x10°=2.85x10™"° Joules

We have

N, -E -2.85x107"
—==eXp —— |=eXp|
N, KT 1.38x10°=.T
At room temperature i.e. T=300 K, N»/N;=1.2x10"%°, i.e. population of the upper level is

1.2x10"%%% of the lower level in thermal equilibrium.

At 500 K, No/N;=1.12x10"", i.e., population of the upper level is 1.12x10°% of the lower

level in thermal equilibrium.

This shows that population of the upper level increases about 10 times by increasing the

temperature up to 500 K from room temperature, but in both cases N,<<N;.

Example 4.5: The relative number of atoms N; and N, in two energy levels E; and E;
separated by an energy gap E,-E; are given at thermal equilibrium by Boltzmann ratio.

Evaluate the ratio N,/N; for the following cases:

an optical transition, A=550 nm, at room temperature, 300 K;
a microwave transition, ® = 3 GHz, at room temperature;

A 10 GHz transition at liquid-helium temperature, 4.2 K.

For an optical transition at 4 =550 nm to have N,/N; = 0.1, what temperature would be
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required?
Solution:

The energy difference for A =550 nm is E,-E; = hc/550x10° = 3.6x10™° J

N, -3.6x107"
N - XP 23
N, 1.38x10"* x 300

~ e—87 ~ 10—37

The number of atoms present in the upper energy level for a visible transition at room

temperature is negligibly small.

The energy difference for B = 3 GHz, hv = 6.6x10*.3x10° = 1.98x10* J

N, exp -1.98x107%
1.38x10°2 x 300

~ 0.99952

In the microwave region, number of atoms present in the upper energy level is a little less
than the lower energy level at room temperature. Therefore to create a population inversion

in microwave region is easier than in optical region.

The energy difference for @ = 10 GHz, hv=6.6x10%*J

N, —-6.6x10*
~N - EXp 23
N, 1.38x107" x 4.2

~ 0.89237

At low temperature the number of atoms present in the upper energy level decreases.

To have N»/N; = 0.1 at 4 = 550 nm, the temperature required is 11329 K.

This shows that to increase the number of atoms in the upper energy level at thermal

equilibrium requires very high temperatures.

From the above example it is obvious that population can not be achieved by increasing the

temperature of the medium. To create a population inversion in the optical region, we must
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supply energy selectively to the lower energy level, to excite atoms into the upper energy
level. This excitation process is called pumping. Pumping produces a non-thermal

equilibrium situation.

One of the methods used for pumping is stimulated absorption, that is the energy levels
which one hopes to use for laser action are pumped by intense irradiation of the system. Now
as Bj, and By; are equal once atoms are excited into upper level the probabilities of further
stimulated absorption or emission are equal so that even with very intense pumping we can
not get more atoms in the excited state. The best we can achieved is the equal population in
both the levels, therefore, to make a laser amplifier with just two energy levels is not
possible, i.e. a population inversion in a two level system can never be achieved by optical
pumping.

Therefore, we must look for materials with either three or four energy levels system. This is
not a problem as atomic systems generally have a large number of energy levels. A three
level system is illustrated in Figure 4.6. Initially the distribution obeys the Boltzmann law. If
the collection of atoms is intensely illuminated by photons, they can be excited into the level
Es from the ground level E;. From the level E3, the atoms decay by non-radiative process to
the level E; and a population inversion may be created between E, and E;. Ideally the
transition from level E; to E, should be very rapid to keep E; level almost empty. The
transition from E; to E; should be slow, that is E; should have relatively longer lifetime. This
allows a large build-up in the number of atoms in level E,. Hence N, may become greater

than N and then population inversion will be achieved.

The level E; should preferably consist of a large number of closely spaced levels so that
pumping uses a wide range of the radiation. This increases the pumping efficiency. Three
level lasers, for example ruby, require very high pumping powers because the terminal level
of the laser transition is the ground state. This means that more than half of the ground state

atoms has to be pumped to the upper state to achieve population inversion.
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Figure 4.6 Population of energy levels by pumping in a three level system: (a) Boltzmann
distribution before pumping and (b) distribution after pumping and the transitions involved.

The four-level system shown in Figure 4.7 has much lower pumping requirements. The
populations of the levels E4 Esz, and E, are all very close in conditions of thermal
equilibrium. Thus, if atoms are pumped from the ground state to the level E, from which they
decay very rapidly to the level E3. The population inversion is quickly created between levels
Es and E,. The energy level schemes of the media used in lasers are often complex but they

can usually be approximated by either three or four level schemes.

4.2.3 Optical Resonator

The population inversion is not all it takes to make a laser. A material with an inverted
population can emit light in every direction. The light may be due to stimulated emission,
and it may be at a single wavelength, but is not converted into a laser beam. To extract

energy efficiently from a medium with a population inversion and make a laser beam, we
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need a resonant cavity that helps building (or amplifying) stimulated emission by feedback,

i.e., reflecting some of the light back into the laser medium.

Before discussing the feedback, let us start by looking at the process of amplification.

A A
E E
E4 E4
Rapid decay

v

E, E,
Laser
transition
E, E,
Pumping \

Rapid decay

E, E,
N N
(a) (b)

Figure 4.7 Population of the energy levels in a four level system: (a) before pumping and (b)

after pumping.

4.2.3.1 Amplification of Light

In lasers, light is amplified. To understand it let us consider a collimated beam of perfectly
monochromatic radiation passing through an absorbing medium (Figure 4.8). We assume for
simplicity that there is only one relevant electron transition, which occurs between the energy
levels E; and E,. For homogeneous medium, the change in irradiance of the beam dl is
proportional to the distance travelled dx and to the incident intensity I, i.e. dl= -ol.dx. Here
the constant of proportionality, o, is the absorption coefficient. The negative sign indicates
the reduction in beam irradiance due to absorption. Writing this equation in differential form

we have
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di

= — —al 413
w- (4.13)

By integrating Eq. 4.10 we have
| = 1,6 (4.14)

where I, is the incident intensity.

2

1(x) I(ij{)/
\K

B -

Light

Figure 4.8 Collimated beam of light traversing an absorbing medium. The change in the
irradiance across a small slab of the medium is proportional to the irradiance at the slab and
to the thickness of the slab dx.

Example 4.6: If 1% of the light incident into a medium is absorbed per millimetre, what

fraction is transmitted if the medium is 0.1 m long?

Solution: Transmission of light passing through an absorbing medium of length x is given by
I=lp e

For @=0.01 mm™, x=0.1 m=100 mm, we have
1=1pe®%%  =]5.e™ =0.368xI,

Therefore, 36.8% of the incident light will transmit through the medium and rest will be

absorbed.

Let us consider the absorption coefficient in more detail. Clearly the degree of absorption of
the beam will depend upon N1, number of atoms with electrons in the lower energy level Ej,

and N, number of atoms with electrons in upper energy level E,. If N, is zero then the
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absorption would be maximum, while if all of the atoms are in the upper level the absorption

would be zero and the probability of stimulated emission would be large.

When a beam having N number of photons per unit volume pass through a medium then net
rate of loss of photons can be determined from the stimulated transitions, i.e. absorption and

emission.

dN

— = Nyp,B;y —N;p,B

dt 2PvB2y 1PvDB12 (4.15)
For the same degeneracy of both levels (i.e. B1,=B51), we can write

dN

——— =(N,—N;)p,B

dt (N, 1)PyBa2t (4.16)

In this discussion we have ignored photons generated by spontaneous emission as these are
emitted randomly in all direction and do not contribute to the initial collimated beam.

Similarly we have ignored scattering losses.

Irradiance of a beam is the energy crossing a unit area in unit time. In mathematical form it

can be written as
I=N.hv,;.u (4.17)

where u is the velocity of light in the medium. If n is the refractive index of the medium then
u=c/n, where c is the velocity of light in free space. The rate of change of irradiance when

passing through a medium is given by

dil dN
Z =" hv..u 4.18
dx  dx 2 ¢19)
since

st 1 , We can write equation 4.18 as

dx dx/u dt
dil  dN
— " 4.19
dx  dt 2 ¢19)

Combining equations 4.16 and 4.19 we get
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dl
—=(N,—N;)p,.Bs.h
dx (N 1)py-Bahvy (4.20)
Now from equations 4.13, 4.20, p, = Nhv, and equation (4.17)
(N; =N,).p,.Byy =0up,.u (4.21)

Vo

Re-arranging for absorption coefficient o, and substituting the value of u = ¢/n, we have

By vy N

a=(N,~N,) (4.22)

The absorption coefficient, o, depends on the difference in the populations of the two energy
levels E; and E,. For a collection of atoms in thermal equilibrium, N; will always be greater
than N,. If, however, we can create a situation in which N, becomes greater than N; then o is
negative and the quantity (-ax) in the exponent of equation 11 becomes positive. Thus the
irradiance of the beam grows as it propagates through the medium in accordance with the
equation:

| = 1, (4.23)

where K is referred to as the small signal gain coefficient and is given by

By vy N

k=(N,-N,) .

(4.24)

In this situation the medium acts as an amplifier and may be called active medium.

Example 4.7: If the irradiance of light doubles after passing once through a laser amplifier
0.5 m long, calculate the small signal gain coefficient assuming no losses in the medium. If

the increase in irradiance were only 5% what would be k?

Solution: In an optical amplifier, the light intensity increases as

I=1,e" = kzlln(lj
X 0

(a) for 1/1,=2 and x=0.5 meter; k=1.386 m™
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The value of signal gain coefficient is 1.386/m
(b) for 1/1,=1.05 and x=0.5 meter; k=0.098 m™

The value of signal gain coefficient is 0.098/m.

4.2.3.2 Optical Feedback

The gain (amplification) per unit length of most active media is so small that very little
amplification of a beam of light results from a single pass. In the multiple passes through the

same active media may result a large amplification.

To make an oscillator from an amplifier, it is necessary to introduce a suitable positive
feedback. In the laser, the positive feedback may be obtained by placing the active material
between two highly reflecting mirrors (e.g., plain-parallel mirrors as shown in Figure 4.9).
The initial stimulus is provided by any spontaneous transitions between appropriate energy
levels in which the emitted photon travels along the axis of the system. The signal is
amplified as it passes through the medium and fedback by mirrors. Saturation is reached
when the gain provided by the medium exactly matches the losses incurred during a complete

round trip.

Light reflector
R,=100%

g

Partially transmitting mirror
R,~90%

N

PN

L >
M1 Active medium M2
Laser light

Figure 4.9. Scheme of laser oscillations.

If one of the two mirrors is made partially transparent, a useful output beam can be extracted.
It is important to note that for laser, a certain threshold condition must be fulfilled. For laser,

the oscillation will start when the gain of the active medium compensates the losses. Thus,
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while a population inversion is a necessary condition for laser action it is not the sufficient
one because the minimum or threshold value of gain coefficient must be large enough to
overcome the losses and sustain oscillations. The threshold gain specifies the minimum

population inversion required.

The total loss of the system is due to a number of different processes, the most important

ones include:

transmission at the mirrors, in fact transmission from one of the mirrors usually provides the

useful output, the other mirror is made as reflective as possible to minimise losses;
absorption and scattering at mirrors;

absorption in the laser medium due to transmissions other than the desired transitions;
scattering at optical inhomogeneities in the laser medium;

diffraction losses at the mirrors.

To simplify, let us include all the losses except those due to transmission at the mirrors in a
sin